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Measures of Fuzzy Sets

The notion of fuzzy sets has proven useful in the context of control theory, pattern recognition, and medical diagnosis. However, it has also
spawned the view that classical probability theory is unable to deal with uncertainties in natural language and machine learning, so that
alternatives to probability are needed. One such alternative is what is known as “possibility theory.” Such alternatives have come into being
because past attempts at making fuzzy set theory and probability theory work in concert have been unsuccessful. The purpose of this article
is to develop a line of argument that demonstrates that probability theory has a sufficiently rich structure for incorporating fuzzy sets within
its framework. Thus probabilities of fuzzy events can be logically induced. The philosophical underpinnings that make this happen are a
subjectivistic interpretation of probability, an introduction of Laplace’s famous genie, and the mathematics of encoding expert testimony.
The benefit of making probability theory work in concert with fuzzy set theory is an ability to deal with different kinds of uncertainties that

may arise within the same problem.
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1. PREAMBLE

Are probabilistic methods and statistical techniques the best
available tools for solving problems involving uncertainty?

This question is often now being answered in the negative,
especially by computer scientists and engineers. These respon-
dents are motivated by the view that probability is inadequate
for dealing with “certain kinds” of uncertainty. Thus alterna-
tives are needed to fill the gap. One such alternative is Zadeh’s
(1978) possibility theory, the genesis of which lies in his the-
ory of fuzzy sets (see Zadeh 1965). Because probability theory
prescribes a calculus for the treatment of uncertainty about the
outcomes of a random phenomenon, but not about the uncer-
tainty of classification (or the placement of an outcome in a
given class), Zadeh (1986b) has claimed that “probability lacks
sufficient expressiveness to deal with uncertainty in natural lan-
guage.” In contrast, fuzzy set theory prescribes a calculus for
the treatment of uncertainty associated with classification, or
what has been termed “imprecision.”

Because it is possible that both uncertainty and imprecision
can be present in the same problem, Zadeh (1995) has also
claimed that
“probability must be used in concert with fuzzy logic to enhance its effective-
ness. In this perspective, probability theory and fuzzy logic are complementary
rather than competitive.”

It is this statement that has motivated the thesis of this article.

Our aim here is to explore how probability theory and fuzzy
set theory can be made to work in concert, so that uncertainty
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of outcomes and of imprecision can be treated in a unified and
coherent manner. This we are able to do in several stages, the
first one being a sharper appreciation of the key elements of
probability theory; we do this in Section 2. In Section 3 we in-
troduce the notion of a fuzzy set and a calculus for operations
with fuzzy sets; this calculus is de facto a calculus for the treat-
ment of imprecision. In Section 4 we review previous attempts
to make probability theory and fuzzy set theory work in concert
and discuss why these attempts have been unsatisfactory. Sec-
tion 5 constitutes the crux of the article; here we describe our
attempt at achieving the objective of Section 4, and present the
philosophical and technical arguments that support our devel-
opment. In Section 6 we illustrate how the material presented
in Section 5 plays a role in the context of decision making in
a fuzzy environment. In Section 7 we conclude the article by
relating our work to some other interdisciplinary work on un-
certainty quantification.

2. PROBABILITY: A CALCULUS FOR THE
UNCERTAINTY OF OUTCOMES

The underlying set-theoretic premise for considering proba-
bility and its calculus is an experiment, £, which is yet to be
performed. Let x denote a generic outcome of £, and let 2 de-
note the set of all conceived outcomes of £; thus x € Q. Itis im-
portant to note that the probability theory does not tell one how
to specify €2; this choice is subjective and is up to the user. For
convenience, we assume that €2 is a countable set. Let F denote
a set whose members are subsets of 2; that is, F is a family of
sets. However, F is such that it contains 2 and ¢, where ¢ is
the null set. Furthermore, F is closed under unions and inter-
sections; that is, if A, B € F, then (A U B) and (A N B). The
subsets of 2 are called events, and in probability theory it is pre-
sumed that the events are well defined or “sharp” (also known
as “crisp”); that is, there is no ambiguity in declaring whether
any outcome x of €2 belongs to A or to its complement A€. In
contrast, with fuzzy sets there is ambiguity in classifying an x
in a subset A or A€, because A is not sharply defined; we dis-
cuss this in detail later. If the outcome of £, say x, is such that
x € A, then we say that event A has occurred.
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Because £ is yet to be performed, we are uncertain about
the occurrence of any particular x. Consequently, we are also
uncertain about the occurrence of event A. We describe this un-
certainty by a number, P(A), where 0 < P(A) < 1;P(A) is the
probability of event A, or the probability measure of the set A.

There are several interpretations of P(A); the one that is ger-
mane to our interest here is that P(A) is a two-sided bet (or
wager) on the occurrence of event A. Specifically, P(A) is the
amount that one is willing to stake out in exchange for a dollar
should event A occur or, equivalently, (1 —P(A)) is the amount
staked in exchange for a dollar should event A not occur. Fur-
thermore, the individual specifying P(A) is required to be in-
different between betting on A or A¢. The two-sided bet will
be settled when £ is performed and w is observed, so that the
disposition of A is known. An advantage of the foregoing inter-
pretation of P(A) is that probability can be made “operational”
via the mechanism of betting. This interpretation of probabil-
ity is a basis for a personalistic (or a subjectivistic) theory of
probability.

It is important to note that probability theory does not tell
us how to arrive at a particular P(A), nor does it in its purely
abstract form even attempt to interpret P (A). Many probabilists
would declare that the assignment of initial probabilities is a
job for a statistician, though some would say that the role of a
statistician is to help clients formulate their prior knowledge,
because it is the client who knows.

The calculus (or the algebra) of probability tells one how the
various uncertainties (i.e., the initial probabilities) combine or
cohere. In particular, if P(B) denotes the quantification of un-
certainty of another event B, then

(a) P(AUB)="P(A)+P(B)—P(ANB),

where

by PANE) = 0 ifANB=¢
(b) P( )_{P(A|B)73(B) otherwise.

The quantity P(A|B) is called the conditional probability
of A were B to occur. Like P(A), P(A|B) should lie between
0 and 1; it represents the amount that one is willing to stake on
the event A should the event B occur but under the proviso that
all bets on A will be called off should B not occur. It is crucial
to bear in mind that P(A|B) is a bet in the subjunctive mood;
this is because the disposition of B is unknown when P(A|B)
is specified. Finally, ignoring the relevance of a conditioning
event, events A and B are said to be mutually independent if
P(A|B) =P(A). The calculus given earlier has an axiomatic
foundation based on behavioristic considerations.

Thus, to summarize, a foundation for the theory of probabil-
ity is based on the following ingredients:

a. A well-defined set 2 and subsets of €.

b. An adherence to the “law of the excluded middle,” the es-
sential import of which is that any outcome w of € belongs
to a set A or to a set A€, but not to both.

c. A calculus based on behavioristic axioms involving num-
bers between 0 and 1 that can be made operational once £
is performed and its outcome observed.
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3. FUZZY SET THEORY: A CALCULUS
FOR IMPRECISION

The key point to note is that Zadeh (1965) introduced fuzzy
set theory as a mathematical construct in set theory with no
intention of using it to enhance, complement, or replace proba-
bility theory. The sometimes-held perception that fuzzy set the-
ory is a substitute for probability theory is not correct! Indeed,
Zadeh’s article titled “Probability Measures of Fuzzy Events”
(Zadeh 1968) suggested that, his intent was to simply expand
the scope of applicability of probability theory to include fuzzy
sets. But what are fuzzy sets and do we need them? In the next
section we attempt to address these questions.

3.1 Fuzzy Sets and Membership Functions

To appreciate the nature of a fuzzy set, let us consider the
following hypothetical example taken from Laviolette, Seaman,
Barrett, and Woodall (1995). Let X denote the set of integers
between 0 and 10, both inclusive; that is,

X=1{0,1,...,10}.

Suppose that we are interested in a subset A of X, where A con-
tains all of the “medium” integers of X'. Thus

A= {x;x € X and x is “medium”}.

For the purposes of this section, x is not to be viewed as an
outcome of any experiment. Some reasons as to why one would
be interested in sets like A are given in Section 3.4. Clearly, to
be able to specify A, we must be precise as to what we mean
by a medium integer; that is, we must be able to operational-
ize (Deming 1986, p. 276) the term “medium integer.” Whereas
most would agree that 5 is a medium integer, what is the dispo-
sition of an integer like 7? Is 7 a medium integer, or is it a large
integer? Our uncertainty (or vagueness) about classifying 7 as a
member of the subset A makes A a fuzzy set. The uncertainty of
classification arises because the boundaries of A are not sharp.
The subset A rejects the law of the excluded middle, because
an integer like 7 can simultaneously belong to and not belong
to A.

Membership functions were introduced as a way of dealing
with the foregoing form of uncertainty of classification. Specifi-
cally, the number m 7 (x) which lies between 0 and 1, reflects an
assessor’s view of the extent to which x € A. As a function of X,
m 3(x) is known as the membership function of set A. Clearly,
the membership function is subjective, because it is specific to
an individual assessor or a group of assessors. We also assume
that for each x € X, the assessor is able to assign an m 3(x),
and that this can be done for all subsets of the type A that are
of interest.

If mz(x) =1 (or 0) for all x € X, then A is the usual well-
defined sharp (or crisp) set. Thus the notion of fuzzy sets in-
corporates that of crisp sets as a special case, and because it is
on crisp sets that probability measures have been defined, our
aim here is to develop a foundation for constructing probability
measures of fuzzy sets.
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3.2 The Calculus (or Algebra) of Fuzzy Sets

The membership function provides us with a vehicle for de-
veloping operations with fuzzy sets, such as unions, denoted
by “U”, and intersections, denoted by “N”. Specifically, let
A and B be two fuzzy sets with respective membership func-
tions m 3(x) and m 5 (x). Then (Zadeh 1965), V x,

m o500 € max[m (), mp@)],

m 5@ € minfmz (), mpo)],
and
mg,;(x)dzefl —myz(x).

Thus A U B is that fuzzy set whose membership function is
m 5, (x). The fuzzy sets AN B and A€ are defined similarly.
Furthermore, if, V x,

my(x) =mg(x), then A=B (and vice versa),

where “="" denotes the equality, and if, V x,

mz(x) <mg(x), then A - B (and vice versa),

where “C” denotes a subset. It is of interest to note that fuzzy
sets are defined only in terms of membership functions, whereas
sharp sets are often discussed without any mention of indicator
functions.

Zadeh (1965) also introduced the notion of the product and
the sum of fuzzy sets A and E, denoted by AeB (not to be
confused with the intersection A N B) and A + B as fuzzy sets
whose membership functions are given as

Mz g(x) =mz(x) - mg(x)
and
mz, g(x) =mz(x)+mgx) —mz(x)- -mg(x) Vx.

Bellman and Giertz (1973) have claimed that of the foregoing
relationships, m 3,5 (x) and m 35 (x) are not only natural, but
also the only ones possible. They also claim that m 3. (x) “ap-
pears to be reasonable,” though not unique. We agree with this
assessment but via arguments that are probabilistic; see Sec-
tion 5.5.

Although the sum and product rules are intriguing, they are
not standard from the standpoint of set theory; we are unable to
interpret these rules. They could have been introduced by Zadeh
in his quest for developing probability-like measures for fuzzy
sets. We discuss this further, in Section 4.

3.3 Interpreting the Membership Function

The first point to note is that, like P(A), the probability
of a set A, fuzzy set theory does not tell us how to spec-
ify m3(x), the membership function of a fuzzy set A. The
second point to note is that whereas there is a logical require-
ment that P(A) € [0, 1], the fact that m 3(x) € [0, 1] is sim-
ply a convenience of scaling. The third point to note is that
whereas P(A) can be interpreted as a two-sided bet (which
in principle can be settled when A reveals itself), m 3(x) re-
flects an individual’s view of the extent to which x € X;
thus m 3(x) cannot be made operational in the same sense
as P(A). Finally, it is not a requirement that Zx mz(x) be 1,
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and thus m 3(x) as a function of x cannot be interpreted as
a probability or, for that matter, as a conditional probabil-
ity, as was done by Loginov (1966) and also by Barrett and
Woodall (1997). How then can we interpret the membership
function m 3 (x)?

Because m 3(x), as a function of x, reflects the extent to
which x € A [i.e., mz(x) is an indicator of how likely it is
that x € Z], we may view my(x) as the likelihood of x for a
fixed (i.e., specified) A. Recall that even though the interpreta-
tion of a likelihood is almost always derived from a probability
model, the likelihood is not a probability (in particular, it does
not obey the addition rule) and in statistical inference, the like-
lihood function reflects the relative degrees of support that a
fixed observation provides to several hypotheses. Furthermore,
the specification of a likelihood is subjective. Thus our inter-
pretation of the membership function is that it is a likelihood
function with A taking the role of a fixed observation and the
values of x taking the role of the hypotheses. To statisticians
specializing in inference, our interpretation of the membership
function as a likelihood will appear to be unconventional. This
is because in the context of inference, the likelihood entails a
fixed observation and a varying parameter. However, our struc-
ture for the likelihood is a consequence of the notion of the
likelihood from a more philosophical viewpoint, and what we
have proposed is in keeping with the foundational notion of a
likelihood (see Basu 1975).

The foregoing points are best illustrated via the following
example involving two fuzzy sets A and B, where

A= {x:x € X and x is “medium”}
and
B= {x:x € X and x is “small”};

as before, ¥ ={0, 1, ..., 10}.

Suppose that an assessor assigns the membership functions
m7(x) and m(x) givenin Table 1.

Clearly, )", mz(x) and ) mg(x) are not 1, nor is it true
that m3(x) + mz(x) is necessarily 1. A plot of m3(x) and
mz(x) as a function of x, with m 7(x) and mg(x) viewed as
likelihoods is shown in Figure 1. The plots reflect the extent to
which an x belongs to the sets A and B.

Table 1. Membership Functions of Aand B

X my(x) mz(x) my(x)+ mg(x)
0 0 1 1
1 0 1 1
2 2 .8 1
3 5 5 1
4 8 3 1.1
5 1 A 1.1
6 .8 0 .8
7 5 0 5
8 2 0 2
9 0 0 0
10 0 0 0
Col. sums 4 3.7 -
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Figure 1. Membership Functions of A and B.

3.4 Interest in Fuzzy Sets

Fuzzy sets were introduced by Zadeh (1965) based on the
premise that an exact description of many real world situations
is virtually impossible, and that imprecisely defined “classes”
play an important role in human thinking and natural lan-
guage. Examples are commonly used adjectives, such as “sub-
stantial,” “significant,” “accurate,” “approximate,” “small,” and
“medium.” Furthermore, such activities as the communication
of information, speech recognition, knowledge representation,
medical diagnosis, and assessment of rare events suggest that
the human brain often reasons with vague assertions, a fact that
one needs to accept and to adjust to. All the same, computers
that permeate our everyday lives do not reason as brains do, and
it has been argued that the main distinction between human in-
telligence and machine intelligence lies in the ability of humans
to manipulate imprecise concepts and imprecise instructions.
The notion of fuzzy sets strives to balance exactness and sim-
plicity in such a way that complexity can be reduced without
oversimplification.

Imprecision can also arise in the context of real world deci-
sion making wherein the goals, the constraints, and the con-
sequences of actions cannot be precisely specified. Whereas
the human mind is able to cope with such impressions, norma-
tive decision theory (which provides a foundation for classical
control theory) presumes a precise delineation of actions, out-
comes, and consequences. Fuzzy sets provide a trade-off be-
tween the reality and the requirement, mentioned earlier, and
in the context of decision making under uncertainty manifests
under the label “fuzzy control.” Indeed, it is in the context of
control theory that the notion of fuzzy sets has had its biggest
impact. For example, according to some estimates, in 1992
Japan produced about $2 billion worth of products with con-
trol mechanisms considered fuzzy (see Kosko and Isaka 1993).
Section 6 gives a flavor of fuzzy control, albeit in a narrow con-
text.
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4. PROBABILITY AND FUZZY SET THEORY
IN CONCERT: PREVIOUS WORK

The earliest attempt at making probability and fuzzy set the-
ory work in concert was made by Loginov (1966), who in-
terpreted the membership function as a frequentist conditional

probability. Specifically, if an experiment £ were to yield an
outcome x, then m 3(x) would be the probability that x is clas-
sified as a member of A, that is,

mz(x) = P(x € A|€ yields x).

For a frequentist interpretation of this probability, Loginov con-
ceptualized an infinite-sized ensemble of membership function
specifiers, each of whom has to vote on x € A or x ¢ A. Barrett
and Woodall (1997), in introducing a probabilistic alternative
to fuzzy logic controllers, appeared to follow a similar line of
thought.

Zadeh (1995) dismissed Loginov’s interpretation on grounds
that requiring each voter to classify an observed x in A or A°
is unnatural, because fuzzy sets reject the law of the excluded
middle. We concur with this criticism provided by Zadeh. Also,
because membership functions are often specified by one indi-
vidual based on subjective considerations, the consensus model
involving an ensemble of voters is untenable.

The second attempt at making probability theory and fuzzy
set theory work in concert was made by Zadeh (1968), in his
imaginative but flawed article titled “Probability Measures of
Fuzzy Events.” His construction proceeds along the following
lines. Let (€2, F,P) be a “probability measure space” with €2,
F, and P as defined in Section 2. Recall that x, an outcome
of £, is a member of 2, and assume for now that 2 is a count-
able set. Consider now a crisp set A, where A € F, and let
I14(x) be the indicator of A, that is, /a(x) =1 if x € A and
I4(x) =0 otherwise. Then it is easy to see that

PA)=) Ia@)Px), xeQ,
X

where P(x) is the probability that the outcome of £ is x. An

analog of the foregoing result when €2 is not countable is a re-

lationship of the form

P(A):/ IA(x)dP(x).
Q

Motivated by this (well-known) result, plus the fact that
14 (x) is itself a membership function, Zadeh has declared that
the probability measure of a fuzzy subset A of Q, which he calls
a fuzzy event, is

T(A) = /Q mz(x)dP(x)=E[mz(X)], (1)
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where m 3(x) is the membership function of A and E denotes
expectation. The point to be emphasized here is that the expec-
tation is taken with respect to the initial probability measure P
that has been defined on the (crisp) sets of 2.

Having defined H(Z) as before, Zadeh proceeded to show
that

(a) AC B = I(A) <T(B),

(b) TI(AU B) =T1(A) + I1(B) — T1(A N B),
and
(¢) TI(A + B) =TI(A) + [1(B) — T1(A  B),

where we recall that A e B is the product (not the intersection)
of A and B. Extensions of the foregoing for the cases of finite
and countable additivity follow. Finally, A and B are declared
to be independent if

[1(A e B) =TI(A) - TI(B),

and the~ cgnditional probability of A , were B to occur, denoted
by IT1(A|B), is defined as
~~ TI(AeB) . -
M(A|B) = — =2 if TI(B)>0.
I1(B)

Thus when A and B are independent,
TI(A|B) = I1(A).

Whereas the definition (1) has the virtue that when Aisa
crisp set, H(Z) = P(Z), so that the measure IT can be seen as a
generalization of the measure P, the question still remains as to
whether IT is a probability measure. Properties (a), (b), and (c)
seem to suggest that I'T could indeed be viewed as a probability
measure, but such a conclusion would be premature. This is
because of the following arguments:

a. With property (b), the evaluatlon of H(A) and H(B) is
enough to evaluate H(A N B) whereas with probability,
the evaluation of P(A) and P(B) is not sufficient to eval-
uate P(AN B), unless A and B are independent. Note that
because

(AN B) = E[mz~5(X)] = E[min(m(X), m5(X))],

it can be easily seen that for A = {x:m 3(x) <mg(x)}

H(ZU I§):/ mz(x)dP(x).

xeA

mg(x)dP(x)+ /
xeA¢
b. Property (c) has no analog in probability, because the no-
tions of (Z + E) and (Z ﬁ) are not part of classical set
theory. More important, conditional probability has only
been defined in terms of (A B)

Given that the genesis of (1) is the probability measure space
(82, F,P), there is no law of probability that leads to this equa-
tion. Recall that because m 3(x) is not a probability, we may not
appeal to the law of total probability to claim that the probabil-
ity of a fuzzy set is

/ mz(x)dP(x).
Q
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Because of the foregoing concerns, it is our view that Zadeh’s
(1968) attempt at making fuzzy set theory and probability the-
ory work in concert has also been unsuccessful. In what follows
we propose a line of argument that is able to achieve Zadeh’s
goal.

5. THE SIMULTANEOUS TREATMENT OF
IMPRECISION AND UNCERTAINTY:
A NORMATIVE APPROACH

For the simultaneous treatment of imprecision and uncer-
tainty, we conceptualize a scenario involving a wholeheartedly
subjectivistic analyst, say D (in honor of de Finetti), who is in-
terested in assessing the probability of a fuzzy set A. That is,
D needs to specify

Pp(A) =Pp(X € 4),

where the generic X denotes the uncertain outcome of an ex-
periment £ and the subscript D denotes the fact that what is
being assessed is D’s personal probability, that is D’s willing-
ness to bet, as described in Section 2. We assume for now that
D has no access to any membership function of A or is unwill-
ing to consider an m 3(x), should one be available. The matter
of D incorporating a membership function in his or her analysis
is considered in Section 5.3.

With the fuzzy set A entering the picture, D is confronted
with two uncertainties, one about the outcome X = x, and the
other about the membership of x in AIfAisa crisp set (as is
normally the case in standard probability theory), then D would
be confronted with only one uncertainty, namely the uncertainty
that X = x.

As a subjectivist, D views imprecision as simply another un-
certainty, and to D all uncertainties can be quantified only by
probability. Thus D specifies two probabilities:

(a) Pp(x),whichis D’s prior probability that an outcome of
& will be x,

and

) Pp(x € Z), which is D’s prior probability that an out-
come x belongs to A.

Whereas the specification of Pp(x) is a standard opera-
tion, the assessment of Pp(x € Z) raises an issue. Specifically,
because Pp(x € Z) is D’s personal probability that x is clas-
sified in A, the question arises as to who is doing the classifi-
cation and on what basis such classification is done. Recall that
Zadeh’s criticism of Loginov’s approach has been an individ-
ual’s inability to classify an outcome in a fuzzy set.

The viewpoint that we adopt here is a philosophical one,
as described later. This view has a historical precedence in
Laplace’s interpretation of probability (see Gigerenzer et al.
1990, p.11). An appreciation of this viewpoint is crucial to the
development that we propose.

5.1 Laplace’s Genie for Classification in Fuzzy Sets

Central to our development is the notion that nature is able
to classify any x in any set A or A¢, with precision, so that to
nature there is no such a thing as a fuzzy set; all sets are crisp.
That is, to nature the membership function for any fuzzy set A
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is of the form m 3(x) = 1 or 0. Thus fuzzy sets are only a man-
ifestation of our uncertainty about the boundaries of sharp sets.
Consequently, Pp(x € A) is merely a reflection of D’s uncer-
tainty (or partial knowledge) of the boundaries of a crisp set.
Nature will never reveal these boundaries, so D’s uncertainty
of classification is impossible to ever resolve.

The foregoing idealization is based on Laplace’s famous
genie (see Gigerenzer et al. 1990, p. 11), who knows it all and
rarely tells it all. The genie is able to classify x with precision,
but D is unsure of this classification. All the same, D has par-
tial knowledge of the genie’s actions, and this is encapsulated
inD’s Pp(x € A).

Laplace invoked the genie in his interpretation of probability.
Like Newton, who preceded him, Laplace was a “determinist.”
Thus to Laplace, probability was merely a reflection of a hu-
man’s partial knowledge about the behavior of nature that is
fully deterministic. To Laplace’s genie, there is no such thing
as probability.

Irrespective of how one chooses to interpret Pp(x € Z), an
assessment of this quantity is essential for developing a nor-
mative approach for assessing probability measures of fuzzy
sets. In introducing Pp(x € Z), we have de facto reaffirmed
Lindley’s (1987) claim that probability is able to handle any
situation that fuzzy logic can.

5.2 Making Classification Probabilities Operational

Before proceeding further with regard to D’s assessment of
Pp(A), we need to resolve the following issue, which is ger-
mane vis-a-vis D’s position as a subjectivist and D’s inability
to settle a bet based on Pp(x € Z). Recall that nature does not
ever reveal the classification (or not) of any x in an A. Does the
inability to settle a bet about classification make a subjectivistic
specification of Pp(x € A) a vacuous exercise?

Our answer to the foregoing question is “no.” This is be-
cause one assesses probabilities to embed them within the gen-
eral framework of decision making under uncertainty, and bets
can be settled based on the decisions that one makes. Thus, as
long as probability measures of fuzzy sets are harnessed within
the broader framework of decision making under uncertainty,
the exercise of assessing them is a useful one. Fortunately, this
viewpoint is also supported in practice, because the biggest im-
pact of fuzzy set theory has been in “fuzzy control,” de facto
decision making in an uncertain environment characterized by
a state (and action) space that is a fuzzy set.

With the foregoing arguments in place, once Pp(x) and
Pp(x € X) have been specified by D for all x € 2, D will use
the law of total probability to write

Pp(A) = Pp(X € A)
= ZPD(X € A|X =x)Pp(x)

=Y Pp(x € AYPp(x), )

which is the expected value of D’s classification probability
with respect to D’s prior probability of X.

We thus have a probability measure for a fuzzy set A that
can be justified on the basis of personal (i.e., subjective) prob-
abilities and the notion that probability is a reflection of one’s
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partial knowledge about an event of interest. Equation (2) is
based on D’s inputs alone. The membership function m 3 (x),
which is the mainstay of fuzzy set theory, has yet to play a role.
This role is articulated in Section 5.3.

5.3 Membership Functions as Expert Testimonies

To incorporate the role of membership functions in the as-
sessment of a probability measure of a fuzzy set A, we find
it convenient to introduce a new character into our analysis—
namely an expert, say Z (in honor of Zadeh), whose expertise
lies in specifying a membership function m 3(x) for all x € €2,
and a fuzzy set A. Suppose, then, that after assessing PD(A)
via (2), D consults Z and elicits from Z, the function m z(x)
Vx € Q. D now needs to update his or her PD(A) in light of
Z’s expert testimony m 3(x), but in a manner consistent (i.e.,
coherent) with Pp(A), which encapsulates D’s prior opinions
about the probability of A. D will therefore appeal to the cal-
culus of probability, and, following standard practice, consider
(via the law of total probability) the proposition

Pp (X € Z|m;(x))

= pr(x € Z|m;(x), X :x)Pp(X =x|m;(x)). 3)

In writing out the foregoing, D treats m 3(x) as an unknown
quantity, the supposition being that when D is contemplating
his or her prior probabilities, Z’s response is unknown. If D as-
sumes (and reasonably so) that the process by which X is gener-
ated is independent of the manner by which Z specifies m 3 (x);
then (3) becomes

Pp(X € Almz(x)) = Y Pp(xe Almz(x))Pp(x).  (4)
X
In writing out the foregoing, we have assumed that in m 3 (x),
only the value at x affects Pp(x € A|mA(x))
To proceed further, D must evaluate Pp(x € A |m 3(x)), and
for this D appeals to Bayes’s law; specifically,

Pp(x € Z|m;(x)) foe Pp(m;(x)pc € X)Pp(x € Z). 5)

But in actuality, m 3 (x) is known to D, as Z’s expert testimony.
Thus the middle term becomes a likelihood, and (5) gets written
as

Pp(x € A;mz(x)) oc Lp(x € A;mz(x))Pp(x € A);  (6)

here Lp(x € A; mz(x)) is D’s likelihood that Z speci-
fies m 3(x), were nature to classify x as belonging to A. In writ-
ing the foregoing, we have used the convention that D knows all
terms on the right side of the semicolon at the time of making
the relevant assessments.

The scenario described here parallels that encountered in
the literature on the probabilistic treatment of expert testimony
(see, e.g., Lindley 1983). It is helpful to remark that our de-
velopment entails two likelihoods. The first is m 3(x), which is
Z’s likelihood, revealed to D as expert testimonys; it is personal
to Z in the sense that it is subjectively specified by Z. The sec-
ondis Lp(x € A; m 3(x)), which is personal to D and is based
on D’s assessment of the expertise of Z on how nature would
classify an x in ATt encapsulates D’s opinion of what Z would
say were x € A.
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If D wishes to adopt Z’s input without any modification, then
D would set, Vx € 2,

(N

and then (4), rewritten to account for the fact that m 7(x) is
known to D, becomes

Pp(X € Aimz)) a Y mz()Pplx € HPpx);  (®)

Ep(x cA; m;{(x)) =mz(x),

this is D’s nonnormalized probability measure of the fuzzy
set A.

If D’s judgment is such that Z tends to exaggerate (or to un-
derestimate) the membership of a particular x in A, then D will
modulate m 3(x) to reflect this judgment by either decreasing
(or increasing) it; see Section 5.4. D’s opinion of what Z would
say were x ¢ A enters the picture when one is interested in eval-
uating the constant of proportionality in (8); see Section 5.5.
Thus the membership function, when interpreted as a likelihood
that encapsulates D’s assessment of Z’s expertise for classify-
ing every x in A, provides an “operational meaning” to mem-
bership functions more in the sense of Deming (1986, chap. 9)
than that of de Finetti (1974) who made probability operational
by interpreting it as a two-sided bet. To Deming, an operational
definition puts communicable meaning into a concept, and the
only communicable meaning of any word is the record of what
happens on an application of a specified operation. In the con-
text considered here, by interpreting the membership function
as a likelihood, D is able to communicate his or her assessment
of Z’s expertise via the manner in which D modulates the mem-
bership function. Whereas the calculus of probability can pro-
vide a vehicle for combining likelihoods—though it need not
be the only vehicle—the rules of combining membership func-
tions are based not on probabilistic considerations but rather, as
discussed in Section 3.2, on set theoretic considerations. How-
ever, this does not imply that the rules of membership functions
that affect the right side of (8) create an incompatibility with
the rules of probability that operate on the left side. Indeed, it
is the rules of probability that operate on both sides of (8), the
membership function being simply a weighting function. Con-
sequently, the maxima and minima rules for combining fuzzy
sets can coexist with the addition and multiplication rules of
probability. This is because each is invoked on a different en-
tity.

Contrast the measure given by (8) with that obtained by
Zadeh (1968); see (1). Whereas Zadeh gave the expected Zalue
of the membership function as a probability measure of A, we
have argued that the probability measure of A is proportional
to the expected value of the product of Z’s membership func-
tion m 3(x) and D’s probability of nature’s classification of each
x € Qin A. In both cases, the expectations are with respect to
the prior probability that X = x.

In principle, (8) represents our attempt at making fuzzy set
theory and probability theory work in concert. However, there
could be variations on the theme described earlier, one of which
pertains to D’s treatment of m 3(x) and the manner in which
D is able to fuse several membership functions. We discuss
this next. However, before doing so we find it useful to clar-
ify a question that may arise as to whether or not m 3 (x) is a
surrogate for Z’s prior probability that x € A, just like how
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Pp(x € A) represents D’s prior probability that x € A. Our an-
swer is “no,” because in writing Pp(x € X), D adheres to the
law of the excluded middle, whereas in specifying m 3 (x), Z re-
jects the law of the excluded middle. That is, to Z any x need
not belong to A to its complement, whereas to the genie an x
either does or does not belong to A.

5.4 Modulating and Pooling Membership Functions

The setup that we have introduced three agents, nature, D,
and Z, with the last two contemplating the actions of the first
and D in turn contemplating the actions of Z. Advantages of
this setup are the facility to modulate the input of an expert and
the ability to pool the membership functions of several experts.
To the best of our knowledge, neither this facility nor this mode
of thinking is available in the state of the art of fuzzy set theory
and in fuzzy control.

Equation (7) is based on the premise that D accepts Z’s testi-
mony as is. However, D may feel that Z may suffer from certain
biases that could cause Z to be better (or worse) at assessing the
disposition of certain values of x over the others, so that from
D’s point of view,

Ep(x €A; mg(x)) =mz(x)
for certain values of x, and that for the other values of x,
Ep(x €A, m;{(x)) = m}(x),

where m}(x) represents D’s modulation of m 3(x) to capture
the biases mentioned before. The specifics of how to arrive at
an m}(x) have been given by from Lindley (1983).

In a similar vein, suppose that D were to consult several
experts, say Zi, ..., Zk, each of whom provides D with their
respective membership functions, m%)(x), R m%k) (x), x € Q.
Then D may modulate each membership function as indicated
earlier and then pool (or fuse) the k membership functions, in-
corporating, if necessary, correlations between the expert testi-
monies. The strategy for pooling based on the calculus of prob-
ability, was laid out by Lindley (1983) (also see Meyer and
Booker 2001). The details are not given here.

5.5 The Normalized Probabilities of Fuzzy Sets

Equation (8) provides D’s unnormalized probability measure
of the fuzzy set A. To obtain a normalized measure, we appeal
to the feature that because Pp(x € A) is D’s probability that na-
ture classifies x as being in Z, Ppx € Z) + Pp(x ¢ Z) should
equal one; recall, that in specifying Pp(x € Z), D subscribes
to the law of the excluded middle. Consequently, (5) can be
written as

’Pp(x € Z|m;(x))
= Pp(mz@x)|x € A)Pp(x € A)
x (Pp(mz(x)|x € A)Pp(x € A)
+Pp(mz@)lx ¢ A)Pplx ¢ X))

Because m 3(x) has been specified, Pp(x € Zlmg(x)) gets
replaced by Pp(x € Z; mz(x)) and Pp(mz(x)|x € X) gets
replaced by Lp(x € Z; m z(x)). Similarly, Pp(mz(x)|x ¢ X)
gets replaced by Lp(x ¢ A; m7(x)). This last quantity is D’s
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likelihood that Z will declare some function of m ;(x) say
1 —mz(x), as a reflection of the extent to Wthh x ¢ A when
nature does not classify an x as belonging to A. With the fore-
going in place, we have

Pp(x € A;mz(x))
=Lp(x € A;mz(x))Pp(x € A)
x(Lp(x € A; mz(x))Pp(x € A)
+Lp(x ¢ A mz(0))Pp(x ¢ A)
_ [1 | Lo & & mi)Pp(x ¢ Z)]‘l

Lp(x e A: mz(x))Pp(x € A)
_ |: 1 + (likelihood ratio of membership functions) :| - )

X (prior odds)

Equation (9) which is reminiscent of the well-known re-
lationship between prior and posterior odds, is reassuring.
Note that when A is a crisp set, my(x) =1 or 0 and the
ratio of likeliNhoods is 1; thus the right side of (9) reduces
to Pp(x € A), as it s}lould. Furthermore, it can be verNi—
fied that when Lp(x € A, m3(x)) =mz(x) and Lp(x ¢ A;
mz(x)) =1 —mz(x), so that the event (x ¢ A) (x € A")
Pp(xeA mz(x)) + Pp(x ¢ A; ;mz(x)) = 1 for any and
every x. Indeed, Pp(x € A myz(x)) +Pp(x ¢ A; mz(x)) =1,
irrespective of the functional form of the likelihood. This ob-
servation reaffirms the claim of Bellman and Giertz (1973) that
there is no unique way of defining A°, the complement of a
fuzzy set. For example, one could define A = {x:mz(x) =0}
that is, the complement of a fuzzy set could be a crisp set. This
is why we consider events of the type (x € A) and (x ¢ A)
rather than the events of the type (x € A) and (x € AC) be-
cause the latter would entail adopting a specific definition of
A°.

Because Pp(x € A|m;(x)) =) Pplx e A|m;(x))Pp(x),
D’s normalized probability measure of a fuzzy set A will be
given as

Pp(x € A: m;(x))

_ Z[l | LpGg Aimz() Pplxg Z)]—l
~L LoeAimz) PplxeA)

x Pp(x),

(10)

an expression that is substantially different from that given by
Zadeh, namely our (1). Finally, it follows from (9) that

Pp(X € Aimz(x)) +Pp(X ¢ Aimz(x)) = L.
5.6 Invoking the Calculus of Probability on Fuzzy Sets

We have argued that for a fuzzy set A with membership func-
tion m 3(x),

Pp(X € A)

=Pp(X € Aimz(x)) o Y Pp@)mz(x)Pp(x € A),

and that Pp(X € A) + Pp(X ¢ A) = 1; the event (X ¢ A) is
the complement of the event (X € A). In particular, if A€ is
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the fuzzy set whose membersh1p function is (1 — m 3(x)), then
Pp(X € A) +Pp(X € AC) =1.

The purpose of this section is to argue that when a mea-
sure of the type Pp(A) is invoked on collections of fuzzy
sets for the purpose of combining them, the calculus of prob-
ability is upheld. In particular, the subset property and the (fi-
nite) additivity property of probability measures continues to
hold. Furthermore, we are able to define the independence prop-
erty of fuzzy sets, which enables us to prescribe a multipli-
cation rule for fuzzy sets. To do this, we first need to make
precise the notion of disjoint fuzzy sets. We start by recall-
ing that ANBisa fuzzy set whose membership function is
m g (x) = min(m 3(x), mz(x)). Consequently, A and B are
disjoint if min(m 3(x), mz(x)) =0 VYx € Q. We thus have the
following.

Claim 1. If A and B are disjoint, then Pp(A N B) =0
To assert the subset property, we have the following.
Claim 2. 1f B C A, then Pp(B) < Pp(A).

Proof. If B - A, then, according to Z, mg(x) < myz(x)
VxeQ.
Now, for every x € €,

Pp(x €A, m;(x)) X Pp(x € A)m;(x)
and
Pp(x € E; mg(x)) xPp(x € E)mg(x).

Because mg(x) < mz(x), and because nature upholds the
law of the excluded middle, Pp(x € B) <Pp(x € A) for all
x € Q, assuming that D is in agreement with Z that BCA. It
now follows—after some algebra—that Pp(x € A my(x)) >
Pp(x € B m(x)) for each x, so that Pp(X € A) >Pp(X €
B).

The countable additivity property of disjoint fuzzy sets is as-
serted by the following.

Claim 3. If A and B are disjoint, in the sense described ear-

lier, then
Pp(X € AUB)=Pp(X € A) + Pp(X € B).

Proof. Because A and B are disjoint, there exists a crisp
set A such that, for all x € A, m 7(x) > mp(x), and vice versa
for all x € A°. Thus

Pp(X € AUB;mz 5(x))

x ZPD()C)PD()C cAU E)mgug(x)

=Y Po)[Pp(x € A) + Pp(x € B)]

X max(m;(x), mg(x))

= Z Ppx)Pp(x € A)m;(x)
xeA

+ Y Pp(0)Pp(x € Bymp(x),
xeAc
from which the result follows.
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In the foregoing proof, the first equality is a consequence
of the additivity property of probability for disjoint crisp sets.
To specify a multiplication rule for fuzzy sets, we need to ar-
ticulate the notion of a conditional probability for fuzzy sets
A and B. We denote this by ’PD(ZU}) =Pp(X e Z|X € E;
mz(x), mg(x)), and following the standard convention, define
1t as

Pp(X € AN B: mz(x),mzx))/Pp(X € B: mg(x)),
where the numerator term is proportional to

Y Pp(x)Pp(x € AN B)min(mz(x), m(x))

and the denominator term is proportional to

Z’Pp(x)’PD(x € §)m§(x).

Finally, as a consequence of the foregoing, we have the notion
of independent fuzzy sets. Ignoring the presence of a condition-
ing event (which is required for an all encompassing definition
of independence), we have the following definition.

Definition 1. The event (X € X) is independent of the event
(X € B), denoted by ALB, if
PD(X € ANB; mgmg(x))
=Pp(X e A mz(x))Pp(X € B; mg(x))

or, equivalently, if
”PD(X € A|X € B; mg(x), mg(x)) = ’PD(X €A; mg(x)),

and vice versa when we condition on (X € A).

Intuitively, one would expect that if Pp(x € ANB) =
Ppx € Z)Pp(x € 1§) for all x, then A L B. However, this
need not be true, because the operation of taking min(m 3 (x),
m(x)) could also induce dependence and destroy the indepen-
dence implicit in Pp(x € A N B).

TC (Take Top-coat)

~
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6. DECISION MAKING IN A FUZZY ENVIRONMENT

In Section 3.4 we alluded to the fact that fuzzy set theory ap-
pears to have had its biggest success in the context of control
theory when the actions, outcomes, or consequences cannot
be precisely delineated. To illustrate the foregoing, we con-
sider a simple example of decision making under uncertainty
wherein the outcome (state) space cannot be precisely speci-
fied. The example, although simplistic, can occur in real life
decision making. A more substantive example discussing fuzzy
logic controllers and a probabilistic alternative to these has been
given by Barrett and Woodall (1997); these authors also pro-
vided a nice overview of the essence of control based on fuzzy
logic.

Suppose that the state space pertains to the weather condi-
tions at a location to be visited on a particular future date. Let
X denote the average temperature for the date in question. Be-
cause X is unknown, let Pp(x) denote D’s personal probability
that X = x; D is a decision maker.

Now it seems reasonable to partition the state space into three
fuzzy subsets, with A denoting a warm day, B denoting a cool
day, and C denoting a cold day. Associated with the forego-
ing, D may also choose to elicit three membership functions,
mz(x), mg(x), and mg(x), and, for each x, Pp(x € X), D’s
personal probability that x is classified (by nature) in A; simi-
larly, Pp(x € §) and Pp(x € c ). With the foregoing in place,
D will be able to assess Pp(X € A; m 5(x)) via (10). Similarly,
D will be able to assess Pp(X € E; mz(x)) and Pp(X € 5;
me(x)).

D’s interest in the weather has to do with having to make a
decision about packing clothing for the contemplated visit. Sup-
pose that D’s action (decision) space is limited to the following
three crisp choices: T C, take a topcoat; S, take a sweater; or N,
take neither. The decision tree shown in Figure 2 portrays the el-
ements of the action space, subsequent to the decision node (the
rectangle), and the state space, subsequent to the random node
(the circle). Barrett and Woodall (1997) considered the control
of an air-conditioner wherein the action space is also paritioned
into fuzzy sets. The terminus of the tree shows D’s utilities
for each action—state combination. For example, Up (N, C ) is
D’s utility (actually disutility) in taking neither a topcoat nor a
pullover on a cold day. For coherent decision making, D needs

AN(Warm Day)

S (Take Sweater) @ B (Cool Day)
®

D ’s Actions

~~

N (Take Neither)

Node

C (Cold Day)

Figure 2. Decision Tree for Fuzzy Outcomes.
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to specify his or her utilities for each action—state combination.
For convenience, Figure 2 shows these only for the case of the
action designated by S.

Following the principle of maximization of expected utility
(MEU) (Lindley 1991, p. 58), D should choose that action for
which the expected utility is a maximum where, for example,
the expected utility should D choose action § is of the form

E[Up(S)] = Up(S, APp(X € A; mz(x))
+ Up(S, E)PD(X € B; mg(x))
+ Up (S, C)Pp(X € Cyma(x)).

The foregoing example may seem uninteresting at first
glance; however, its control theory version, which could be a
climate control system involving three fan speed actions, (low,
medium, and high) is quite realistic. A thermometer could an-
ticipate the temperature as being normal, warm, or hot, and
based on this, the control system could trigger a fan speed.
Other such examples may be constructed similarly.

It is unlikely that control theorists working on problems la-
beled “fuzzy control” would follow the prescription outlined
here; to them, considering fuzzy sets would be tantamount to
discarding the calculus of probability and thus the principle
of maximization of expected utility. Consequently, they have
to resort to several ad hoc rules known as “correlation min-
imum encoding” and “correlation product encoding” (Barrett
and Woodall 1997). The purpose of this article is to argue that
this need not be so. Fuzzy control can be achieved within the
framework of probability, even if membership functions are
not interpreted as (conditional) probabilities, which Barrett and
Woodall (1997) did.

7. CONCLUDING PERSPECTIVE

It has been pointed out by a referee—and correctly so—that
statisticians need to be more interdisciplinary in their outlook.
Hopefully, this article reflects the spirit of this sentiment. There
is a large community of engineers and computer scientists inter-
ested in the various approaches to treating uncertainty. Most of
them subscribe to probability and its calculus. However, some
have raised questions about its restrictions (e.g., adherence to
the law of the excluded middle) and thus have searched for al-
ternatives to probability. Possibility theory, one such alterna-
tive, has a large following, especially among those who design
engineering controls. In abandoning probability, such control
theorists have resorted to decision rules whose foundations are
not transparent. In this article we have argued that it is possible
to endow probability measures on fuzzy sets. Thus it is pos-
sible to do fuzzy control (de facto decision making under un-
certainty) within the calculus of probability via the principle of
maximization of expected utility. While endowing probability
measures on fuzzy sets by interpreting the membership function
as a likelihood, we have uncovered a feature that is not avail-
able within the calculus of fuzzy set theory and fuzzy control—
specifically, we can use Bayes’s law to pool several member-
ship functions. Furthermore, given that membership functions
are subjectively specified, we can modulate such functions to
incorporate biases, interdependencies, and so on. The concepts
of modulating and pooling membership functions appear to be
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alien to the community of fuzzy control. These, plus an abil-
ity to stay within the umbrella of probability and statistics, are
some of the advantages of our approach.

Another prominent community interested in the treatment of
uncertainty is a subfield of the field of “artificial intelligence.”
Their annual conference on Uncertainty in Artificial Intelli-
gence (UAI) is a celebrated event. Fortunately, many in this
arena tend to work within probability and statistics, although
not always within the fully subjectivistic Bayesian paradigm.
A pulse of what is going on in UAI can be gauged by review-
ing a recent article by Giang and Shenoy (2002). Like us, these
authors focused on the likelihood function (and the “likelihood
principle”), but unlike us, they forsook the prior. They argued
that the likelihood function is basically a “possibility measure,”
and in so doing they could be paving the way for a more cogent
discussion of possibility theory. In contrast, by incorporating
both the likelihood and the prior, our development stays within
the calculus of probability. Giang and Shenoy (2001) explored
the axiomatics of qualitative decision making based on possi-
bility theory. Our view is that if the raison d’etre of possibility
theory is an acknowledgment of the need for fuzzy sets, then
an ability to endow probabilities on the latter enables decision
making via the MEU principle.

Some other approaches for the treatment of uncertainty
are the Spohnian and the Dempster-Schaferian (Dempster
1967; Giang and Shenoy 2000; Shafer 1976; Walley 1996;
Wasserman 1990). In many respects these approaches germi-
nate from the foundations of probability theory, and like what
we have done herein, they enhance probability, not supplant it.
For example, Dempster’s (1967) upper and lower probabilities
come into being because only a many-to-one map can induce
probabilities from a probability measure space to some other
space, such as the space of real numbers.

The quantification of uncertainty is poised to be one of
the key sciences of this era. Our hope is that the calculus of
probability, with its generalizations and enhancements to en-
compass such notions as causality (Lindley 2002; Pearl 2000;
Singpurwalla 2002), set valued maps (Dempster 1968), and
vagueness (Zadeh 1986a), will be able to stand the test of time.

[Received July 2003. Revised February 2004.]
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Comment

One of the difficulties many people have with the ideas of
fuzzy logic lies in the interpretation of the membership func-
tion: What does it mean to say that m(x) = .2? [The subscript
denoting the set, used by Singpurwalla and Booker (SB), is
omitted here because only one fuzzy set is being discussed.]
Suppose that you were interested in a quantity, uncertain for
you; then a modified form of the question would be to ask
how, being told the values of a membership function, your
uncertainty of the quantity would be changed. In probability
terms, how would p(y), your probability for the quantity y, be
changed to p(y|m(-)) on being provided with the membership
function m(-)? [It is helpful in what follows to distinguish be-
tween the function m () and m(x), its value at x.] SB provide an
answer to this modified question. Sometimes posing the ques-
tion sensibly is as important as answering it, and SB are to be
congratulated on putting the question this way. The question is
brilliant, but I have some reservations about the answer. To ex-
plain these, let me work through their argument using a slightly
different notation, which will hopefully clarify my qualifica-
tions.

Their thesis introduces two people: Z, who supplies m(-),
and D (the “you” in the preceeding paragraph), who is un-
certain. Because all probabilities belong to D, we also omit
that subscript from all probabilities. An important introduction
by SB is the genie who sees a sharp set A, not a fuzzy one,
but never reveals the sharp set’s membership function, so that
Z and D remain fuzzy in their understanding. As SB wisely
say in Section 5.1, “Fuzzy sets are only a manifestation of our
uncertainty about ... sharp sets.” The membership function of
A at x is written as 6(x), because it plays the familiar role of
a parameter in statistical inference, where the Greek alphabet
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is commonly used, and assumes only one of two values, 0 or 1.
D then has p(x), the usual probability for x, and p(6(x)|x), the
probability that x does or does not belong to A, giving

p©®) =" p(6(x)Ix)p(x). [2](1)

(The numbers in square brackets refer to the corresponding
equation in SB.) p(@), on the left side of (1), is D’s probability
that a random x belongs (6 = 1) or does not belong (6 = 0) to
A.In (1) and what follows we write 6, in lieu of 6 (x), whenever
the conditions include x, the argument being that if x is known,
then only 6 (x) is relevant. 6(-), the complete membership func-
tion of sharp A, does not enter into our calculations.

SB’s splendid idea is to see how beliefs about A change on D
being supplied with a membership function by Z. Before we
follow their trail, let us consider the simpler case where D is
interested in a hypothesis H and Z says “yes,” Y, when asked
whether it is true. Then D’s odds on H will change to

O(H|Y)=p(Y|H)/p(Y|H®)  O(H) 2

by Bayes’s rule. The key point to notice is that D will need
to assess two probabilities, or at least their ratio: the probabil-
ity that Z will respond with ¥ both when it is true and when
H is false, H¢. With this consideration in mind, let us return to
fuzzy logic, where we need to evaluate p(6|m(-)), the change
from p(0) when Z supplies m(-). SB extend the conversation
to include x, as in (1), giving

p(OIm) =" p(0Im(), x)p(xIm()), [313)
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