APPLIED MATHEMATICS QUALIFYING EXAM SYLLABUS

Function Spaces

Normed vector spaces, inner product spaces; function spaces (e.g., LP(Q2), C*(Q),
Ck’o‘(Q), etc.); norm of an operator; compact operators; contraction mapping;
Fredholm alternative theorem; Arzela-Ascoli theorem.

Ordinary Differential Equations

e Dimensional analysis.

e Regular and singular perturbation theory; inner and outer expansions; boundary layer
analysis.

Calculus of variations; Euler-Lagrange equations; classical harmonic oscillator, the
pendulum, minimal surfaces; Dirichlet and Neumann boundary conditions.
Variational problems with constraints.

One-dimensional boundary value problems; eigenvalues and eigenfunctions.
Sturm-Liouville theory, comparison theorems; Green’s functions, integral equations.
Stability and bifurcation for systems of ODEs; linear stability and Lyapunov
functional; classification of bifurcation points; exchange of stability.

Numerical methods for ordinary differential equations. Runge-Kutta method;
shooting method; convergence, stiffness and stability.

Partial Differential Equations

First order equations, characteristics, and shock waves; failure of the characteristic
method, weak solutions.

The wave and the heat equations in the entire space. 1-D wave equation (d’Alembert’s
formula), 3-D wave equation (spherical means method, Kirchhoff’s formula); the 2-D
wave equation, the method of descent; heat equation, Fourier transforms, heat kernel.
The wave and heat equations in a bounded domain; separation of variables; Laplace
operator on a bounded region; Poisson’s equation; maximum principles; Green’s
functions.

Schrodinger’s equation; quantum harmonic oscillator; hydrogen atom; spherical
harmonics.

Numerical methods for elliptic, parabolic, and hyperbolic partial differential
equations. Finite difference methods; accuracy, convergence, and stability.
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