Analysis of the Forward Search using some new results for
martingales and empirical processes

Sgren Johansen'? & Bent Nielsen?

20 February 2014
Preliminary version

Summary: The Forward Search is an iterative algorithm for avoiding outliers in a regression
analysis suggested by Hadi and Simonoff (1993), see also Atkinson and Riani (2000). The
algorithm constructs subsets of ‘good’ observations so that the size of the subsets increases as
the algorithm progresses. It results in a sequence of regression estimators and forward resid-
uals. Outliers are detected by monitoring the sequence of forward residuals. We show that
the sequences of regression estimators and forward residuals converge to Gaussian processes.
The proof involves a new iterated martingale inequality, a theory for a new class of weighted
and marked empirical processes, the corresponding quantile process theory, and a fixed point
argument to describe the iterative aspect of the procedure.
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1 Introduction

1.1 The Forward Search algorithm

The Forward Search algorithm was suggested for the multivariate location model by Hadi
(1992) and for multiple regression by Hadi and Simonoff (1993) and developed further by
Atkinson and Riani (2000), see also Atkinson, Riani and Cereoli (2010). It is an algorithm
for avoiding outliers in a regression analysis by recursively constructing subsets of ‘good’ ob-
servations. The algorithm starts with a robust estimate of the regression parameters based
on all observations, and constructs the set of observations with the smallest mgy absolute
residuals. It continues by estimating the parameters by least squares based on the mg obser-
vations selected. From this estimate the absolute residuals of all observations are computed
and ordered. The (mg + 1)'st largest absolute residual is the forward residual and it is used
to monitor the algorithm. The set of my + 1 observations with the smallest absolute resid-
uals is the starting point for the next iteration. The results of the analysis are plots of the
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recursively estimated forward residuals and estimates. This paper provides an asymptotic
theory for these forward plots when applied to multiple regression under the assumption of
no outliers.

1.2 Purpose of paper and results.

In this paper the forward plots are analysed for a multiple regression model. The model
for the ‘good’ observations has symmetric, zero mean errors with unknown scale, while the
regressors can be stationary as well as stochastically and deterministically trending. The
plots of forward residuals and estimators are embedded as stochastic processes in DI0, 1],
and their asymptotic properties are derived using new results on empirical processes and
martingales. The results can be applied to construct pointwise and simultaneous confidence
bands for the forward plots.

The first result is that the process of forward residuals behaves asymptotically as if
the parameters were known. That is, as the process of ordered absolute errors from an
i.i.d. sample from the error distribution. Such empirical quantile processes are studied
by analysing the empirical distribution function as an empirical process. In order to show
that the estimation uncertainty is negligible we introduce a class of weighted and marked
empirical processes, where the weights represent functions of the predictable regressors and
the marks are functions of the regression error. A technical difficulty is, that because the
empirical processes are constructed from estimated residuals, the argument of the empirical
process is stochastically varying. We develop the theory of such processes, applying and
generalizing the results of Koul and Ossiander (1994).

In the second result, the process of forward residuals is scaled by recursive estimates of
the unknown standard error. The limiting process is Gaussian and the covariance function
is found.

In the study of weighted and marked empirical processes the well known method of re-
placing the discontinuous processes by their smooth compensators is applied. The difference
is a martingale. To justify this replacement some new iterated exponential martingale in-
equalities for the variation of the maximum of finitely many martingales are developed by
an iterative application of an exponential inequality of Bercu and Touati (2008).

1.3 History and background

The forward search starts with a robust estimator. Examples of robust regression estimators
are the least median squares estimator and the least trimmed squares estimator of Rousseeuw
(1984). These estimators are known to have good breakdown properties, see Rousseeuw
and Leroy (1987, §3.4), and an asymptotic theory for the least trimmed squares regression
estimator is provided by Visek (2006a,b,c). We will allow initial estimators B(m‘)) converging
at a rate slower than the usual n'/?-rate, for the stationary case, as for example the least
median squares estimator, which is n!/3-consistent in location-scale models.

Broadly speaking, we require three asymptotic tools. First, a theory for weighted and
marked empirical processes to describe the least squares statistics. Secondly, an analysis of
the corresponding quantile processes to describe the forward residuals. Thirdly, a fixed point
result to describe the iteration involved.
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In the empirical process theory the weights represent functions of the regressors and the
marks are functions of the regression error. The results generalize those of Johansen and
Nielsen (2009) who did not allow stochastic variation in the quantiles and those of Koul and
Ossiander (1994) who did not allow marks. The proof combines a chaining argument with
iterations of an exponential inequality for martingales by Bercu and Touati (2008).

The quantile process theory draws on the exposition of Csorgd (1983). It is found that in
the case of a known variance, the forward residuals satisfy a Bahadur representation, so that,
asymptotically, the forward residuals have the same distribution as the order statistics of
the absolute regression errors. When the variance is estimated, an additional term appears
in the asymptotic distribution.

The last ingredient is a fixed point result to describe the iterative result. A single step
of the algorithm has been discussed for the location-scale case by Johansen and Nielsen
(2010). Starting with Bickel (1975) there are a number of asymptotic results for one-step L-
and M-estimators. These are predominantly concerned with objective functions that have
continuous derivatives, thereby excluding the hard rejection as for the one-step Huber-skip
function. The forward search gives a sequence of one-step estimators. Because the estimators
are based on least squares in a sample selected by truncating the residuals, each estimator is
a one-step Huber-skip estimator. Such estimators have been studied by Rupert and Carroll
(1980) and Johansen and Nielsen (2009, 2013), Ronchetti and Welsh (2002).

There appears to be less work on iteration of one-step estimators. The case of smooth
weights was considered by Dollinger and Staudte (1991), but the case of 0-1 weights does
not appear to have been studied until recently. Cavaliere and Georgiev (2013) analysed a
sequence of Huber-skip estimators for a first order autoregression with infinite variance errors,
while Johansen and Nielsen (2013) analysed sequences of one-step Huber-skip estimators
with a fixed critical value. Here we need a critical value which changes with m so we need
a generalisation of the fixed point result of the latter paper.

Outline of the paper: The model and the Forward Search algorithm are defined in §2.
The main asymptotic results are given in §3. The weighted and marked empirical process
results are given in §4 while the iterated exponential martingale inequalities are presented
in §5 with proofs following in Appendix A and Appendix B. The proofs of the main results
follow in Appendix C.

2 Model and Forward Search algorithm

The multiple regression model is presented, and the Forward Search algorithm is defined
including the forward residual and forward deletion residual.

2.1 Model

We assume that (y;, x;), i = 1,...,n satisfy the multiple regression equation with regressors
of dimension dim x
yi=azf+e,i=1,...,n. (2.1)

The errors, ¢;, are assumed independent and identically distributed with mean zero and
variance ¢, and ¢;/0 has known density f and distribution function F(c) = P(g; < oc¢). In



practice, the distribution F' will often be standard normal.

The forward search is an algorithm based on ordering absolute residuals and calculation
of least squares estimators from the selected observations. Both these choices implicitly
assume a symmetric density, because truncating the errors symmetrically gives in general an
error distribution with mean different from zero and hence biased least squares estimators,
at least for the location parameter, unless symmetry is assumed.

The distribution function of the absolute errors |¢;|/o of a symmetric density is G(c) =
P(le1] < oc) = 2F(c) — 1 with density g(c) = 2f(c). We define the quantiles of the absolute
errors as

¢y =G () = F H{(1+)/2},¢ €0,1], (2.2)
and the truncated moments
Ca)y Cop
Ty = / w?f(u)du and s¢, = / u*f (u)du. (2.3)
,Cw 7Cw

Then the conditional variance of €1 /0 given {|e1| < oc} is

S =T/ (2.4)

This will serve as a bias correction for the variance estimator based on the truncated sample.
If f = ¢ is Gaussian then ¢} = 1 — 2cy0(cy) /Y.

2.2 Forward Search algorithm

The Forward Search algorithm is designed to avoid outliers in a linear multiple regression.
The first step is given by the choice of a robust estimator, B (mo) " of the regression parameter,
and the choice of the size my of the initial set of ‘good’ observations. The algorithm generates
a sequence of sets of ‘good’ observations and least squares regression estimators based on
these. The (m + 1)’st step of the algorithm is given as follows.

Algorithm 2.1 (Forward Search)
1. Given an estimator 3™ compute absolute residuals fi(m) = |y; — 2™

2. Find the (m + 1)st smallest order statistics 2(™) = f((:ll)

3. Find set of (m + 1) observations with smallest residuals STV = (i : £m < 2m)y,

(2

4. Compute the new least squares estimators on Sm+1)
B(mﬂ) = (Zies(mﬂ)mix;)_l(Zies(mﬂ)mi?/i)’ (2.5)

~(m 1 A(m
(60)? = 2 iestm (Yi = B2, (2.6)

Introduce also the bias corrected variance estimator using ¢2 Jn from (2.4) so that

(5(m) )2 = M_ (2.7)

corr 2
Sm /n
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Applying the algorithm for m = my, ..., n — 1, results in sequences of order statistics 2(™) =
13 ((m ‘1)» least squares estimators (B, (5(m)2 ), along with the scaled forward residuals

N £(m)
2m
gm) — 5(m)

Atkinson and Riani (2000) propose to use the scaled minimum deletion residual

dm) ' éz(m)

&(m) - ,;?(3) &(m)’
instead of the forward residuals. Thus the deletion residual is based on the smallest residual
with respect to B(m) among those observations that were not included in S which in turn
is based on B(m_l), and the forward residual is the largest absolute residual in S+ which
is based on 5’(’”)

The plots of ™), 5(m) /&™) and dm) /6™ against m are called forward plots, see Atkin-
son and Riani (2000, p.12-13). The primary objective of this paper is to derive the asymptotic
distribution of these plots.

When the method was proposed by Hadi and Simonoff (1993), they also suggested scaling

the residual by a leverage factor and replace the scaled residuals éfm) /6™ above by

(m) (m)
& for i € S, &

5m /1 — h™ GmA/1+ B

for i ¢ S™

where hgm) = 2}(3 jegom T75) " @y is the leverage factor. Atkinson and Riani (2006) suggest

a leverage factor 1+ hl(-m) for all observations. Johansen and Nielsen (2009) prove that such
a leverage factor does not change the asymptotic distribution for the one-step Huber skip
estimator, and the methods presented there can be used to prove a similar result for the
forward search.

3 The main results

Johansen and Nielsen (2010, Theorems 5.1-5.3) analysed a single step of the Forward Search
applied in a location-scale setting. Those results show that the one-step version of the scaled
residuals 2™ /(™) has an asymptotic representation involving an empirical process and a
term arising from the estimation error for the variance. The subsequent analysis shows
how this result generalizes to a fully iterated Forward Search. This section first gives the
assumptions, then the results, and finally presents some simulations. The derivatives of f
are denoted f and f and for more complicated expressions by d/dzx.

3.1 Assumptions

In the following a series of sufficient assumptions are listed for the asymptotic theory of
the Forward Search. When using the Forward Search, the density f is assumed known. The
leading case is the normal density, ¢, but the results are also discussed for the t-density.
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Assumption 3.1 Let F; be an increasing sequence of o fields so €;_1 and x; are F;_1-
measurable and €; is independent of F;_1 with symmetric continuous, differentiable density
f which is positive for F71(0) < ¢ < F71(1). For some 0 < k <n < 1/4 choose an r > 2 so
21 >1+(1/4+k—n)(1+dimzx). Let gqo = 1+ 2", Suppose
(1) density satisfies _
(a) tail monotonicity: c*f(c), |c*(c)| are decreasing for large ¢ and some q > qo;
(b) quantile process condition: = sup,., F(c){1 — F(c)}[f(c)|/{f(c)}* < oo;
(¢) unimodality: f(c) < 0 for ¢ > 0 and lim._f(c) < 0;
(d) logarithmic derivative: A(c) = [L{cLlogf(c)}] <0 for ¢ > 0;
(e) strong quantile process condition: {1 — F(c)}/{cf(c)} = O(1) for ¢ — oo;
(17) regressors x; are F;_1-measurable and a normalisation matriz N exists so that
(a) S, = N'" 2N 2 %% 0;
(b) max;<j<p, [NV/2"N'z;| = Op(1) for some k < n;
(¢) LB /2N — O(1);
(iii) initial estimator: N=(3(m0) — B) = Op(n¥/*=") for some n > 0.

Assumption 3.1(7) is satisfied for the normal distribution. For other distributions the
regularity conditions involve a trade-off between four features: 7, which indicates the rate of
the initial estimator, x, which indicates the order of magnitude of maximum of the normalised
regressors, and dim z, the dimension of the regressor. From these quantities a number 7 is
defined, which controls the number of moments and the smoothness required for the density
f. The number r is increasing in x and dim z and decreasing in 1. The number of required
moments, 1+ 2" is larger than 8 in order to control the estimation error for the variance.

Assumption 3.1 is satisfied in a range of situations. First some general comments. Con-
dition (ia) is more severe than normally seen in empirical process theory due to the marks
e?. Condition (ib) is used in Theorem D.1. Conditions (ic,id) are needed for controlling the
iterative aspect of the Forward Search. Condition (id) to A(c) is also used in Rousseuw
(1982) when discussing change-of-variance curves for M-estimators. It is satisfied for log
concave densities. It is also the cross derivative of the log likelihood for location-scale fami-
lies. Condition (ie) to Mill’s ratio is milder than the condition employed for kernel density
estimation by Csorgd (1983, p. 139). Condition (iia) is standard in regression analysis.
Condition (4ib) is discussed in Example 3.1 below.

As part of the proof, a class of weighted and marked empirical processes are analysed in
84 and at that point somewhat weaker assumptions are introduced, see Assumption 4.1.

Example 3.1 Assumption 3.1(i) for the reference distribution f.

(a) Standard normal distribution, f = ¢. Condition (i) is satisfied: (ia) holds since
clo(c) = —c1p(c) is decreasing for large ¢ for any q. (ib) holds with v = 1, noting ¢(c) =
—cp(c) and the Mill’s ratio result {(4+4c*)Y/? —c}/2 < {1 —®(c)}/¢(c) < 1/c, see Sampford
(1953). (id) holds with A(c) = —2c. (ie) holds since {1 — ®(c)}/{cp(c)} < 1/c* — 0 as
¢ — 00.

(b) Scaled distribution. Consider a density fs(c) that has variance 6* but otherwise satisfies
condition (i). Then f(c) = 6fs(cd) has unit variance, distribution function F(c) = Fs(cd) and
satisfies condition (i) with the same ~ in part (b).

(c) Scaled t-distribution. The t-distribution with d > 2" degrees of freedom has density



7

fa(c) = Cy(1+c2/d)~H1/2 with Cy = T{(d+1)/2}/{(dm)/*T'(d/2)} and variance §2 = d/(d—
2). Thus, the t-distribution scaled by 04 has density f(c) = f4(cdq)dq and distribution function
F(c) = Fa(cdq). It suffices to check condition (i) for the density fs. Condition (i) is satisfied:
(ia) for some constants C, it holds ¢'fy(c) ~ Cct 1 and ¢t fy(c)| = CetHy(c)h(c),
hic) = ¢/(1 + ¢2/d) ~ ¢, so that " fy(c)| ~ Cct=93. Thus *fy(c) and v fy(c)| are
both declining for large ¢, for q chosen so d +1 > q > qo. (ib) holds with the stated
v since 1 — ¢ 2d/(d + 2) < h(c){1 — Fy(c)}/fa(c) < 1, see Soms (1976, equation 3.2).
(ic) is well-known to hold. (id) holds with A(c) = —2v{h(c)}?/c < 0. (ie) holds since
{1 —=Fq(e)}/{cfa(c)} < 1/{ch(c)} — 1/d as ¢ — .

Example 3.2 Assumption 3.1(ii) for the regressors ;.

(a) Stationary regressors. Let N = n~'2Iyn,. To ensure (iic) it is necessary that
E|z;|% < oo. By Boole’s inequality and the triangle inequality then n'/?~* max,<;<, |N'z;| =
Op(n'=r0) so (iib) holds for alln > Kk = gy *.

(b) Deterministic regressors such as v; = (1,i). Let N = diag(n™2, n=%/2). Then
n'2N'z; = (1,i/n)". Thus condition (ii) follows with r = 0.

(c) Random walk regressors such as x; = Zzs;ll gs. Let N = n='. Then n™' 22y
converges to a Brownian motion by Donsker’s invariance principle, see Billingsley (1968).
Condition (iia,iib) follows from the continuous mapping theorem with k = 0. As x; is defined

in terms of €; which has moments of order qo, so has x; and (iic) follows.

3.2 The results

The forward plot of for instance 2™ is a process on m = my, ...,n— 1. It is useful to embed
it in the space D]0, 1] of right continuous process on [0, 1] with limits from the left, endowed
with the uniform norm since all limiting processes will be continuous. Thus, define

/\(m) —;
5y = { z for m = int(nvy) and mo/n < <1, (3.1)

0 otherwise.
Embed in a similar way B(m), M) ag B¢, Oy
The main results are described in terms of three processes

Gnley) =n 230 {1 jol<ey) — ¥},
La(cy) = 7,0 250 [{(83/0)* = ¢ ey fol<en) — (T — )], (3.3)
Kn(cy) =n"?50 N'2i(21/0) 1, jo1<e0)

The first two are asymptotically Gaussian processes and the same holds for the third if the
regressors are stationary, see Theorem 3.6.

The main results give asymptotic representations of the forward residuals Z, /o scaled
with known scale, of the bias corrected variance, and of the forward residuals 2y, /7y corr Scaled
with the bias corrected variance estimator. Next, it is shown that the forward residuals and
the deletion residuals have the same asymptotic representation after an initial burn-in period.
Finally, an asymptotic representation is given for the forward plot of regression estimators.
The proof of these results are given in Appendix D.



Theorem 3.1 Suppose Assumption 8.1 holds. Let 1q > 0. Then

sup  [2f(cy)n' /2 (07 2y — cy) + Guley)| 2 0. (3.5)
Yo<p<n/(n+1)

Moreover, if ¢y are the order statistics of & /o = |&;|/o, then

sup If(cp)n'/ (0712, — &) 0. (3.6)
Yo<¢p<n/(n+1)

If 8 and o were known, the residuals are the errors, ¢;, and the ordering of the absolute
residuals & = |y; — 3'z;| = |e;| can be done once, so that 0712, = 07 (11) = E(mt1)/n, and
the left hand side of (3.6) is trivially zero. In this situation (3.5) reduces to the Bahadur
(1966) representations for the order statistics of the errors ;, see also Theorem D.1 in the
Appendix. Theorem 3.1 therefore has the interpretation that in the forward search the
process o~ 'z, behaves asymptotically as if the parameters were known.

Theorem 3.2 Suppose Assumption 3.1 holds. Let 1oy > 0. Then

sup — [n!%(07267, oy — 1) = Lun(cy)| = 0p(1).
Yo<y<n/(n+1)

Remark 3.1 In Theorems 3.1 and 3.2 the supremum is taken over a smaller interval for i
than the unit interval. A left end point larger than 0 is needed to ensure consistency. The
results potentially hold with a right end point equal to 1. Proving this would, however, add
significantly to the length of the proof without practical benefit since the last forward residual
is based on the set S~V with n — 1 selected observations.

Remark 3.2 The least squares estimator for the variance is 6icmr = 62, noting that 7, = 1
and ¢, = 1. Least squares theory shows that n'/?(6%/0? — 1) = n7 13" (e2/0% — 1) +
op(1). To see that Theorem 3.2 matches this resull, note that the leading term of the least
squares approzimation is limy_y 7, 0" 23" {(€:/0)* 1 (e, j0<e,) — T} 1t is therefore nec-
essary that the other term in Ly, (¢) satisfies limy_1 7, cin™ 230 {1(e jol<e,) — ¥} =
limy_1 3G, () = op(1). Since &; has more than 8 moments then ¢, = o{(1 — )14}, see
also item 5 of the proof of Lemma D.14. Combine this with Theorems D.2(a), D.3 to see
that limy,_; ¢3,G,(cy) = op(1).

Combining Theorem 3.1 and 3.2 gives an asymptotic representation of the forward resid-
uals with a biased corrected scale.

Theorem 3.3 Suppose Assumption 3.1 holds. Let ¢y, = G™(¢)) and 1y > 0. Then the bias
corrected scaled forward residuals has the expansion

~

2 P
sup  [2f(cy)nt (0 — cy) + Golcy) + cpf(cy)La(ey)] - 0.
Yo<p<n/(n+1) Uw,corr
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The above results generalize those of Johansen and Nielsen (2010, Theorems 5.1, 5.3)
which hold for a single forward step for location-scale models. It is interesting to note that
the results do not depend on the type of regressors for the model. In particular, the results
do not depend on whether the regressors include an intercept or not, which sets the results
aside from empirical processes of residuals, compare for instance Engler and Nielsen (2009,
Theorem 2.1) and Lee and Wei (1999, Theorem 3.2).

In finite samples the forward residuals and the deletion residuals can be different, see for
instance Johansen and Nielsen (2010, §2.2). The next result implies that d™ and 2™ have
the same asymptotic distribution.

Theorem 3.4 Suppose Assumption 3.1 holds. Let mq = int(nigy) where g > 0. Then for
all Y1 so Yy <1 < 1 it holds

sup  |f(cy)n2(E — dt| S o.
P1<Y<n/(n+1)

The last result is for the forward plot of the estimator error N _I(B(m) — ), which can

be analysed in two stages. First it is established that N ’I(B\ (m) — 3) satisfies a recursion of
the form

N7YHB™D — B) = p /s NTHB™ — B) 4+ (Y 20) 'K (cy) + empm{NH(B™ — B)},

where p, = 2c¢4f(cy)/1 is an ‘autoregressive coeflicient’ and e, is a vanishing remainder
term. By iterating this relation one can prove the result in the next theorem.

Theorem 3.5 Suppose Assumption 3.1 holds and that 1 > 2c,f(cy). Let mo = int(nyy)
where g > 0. Then, for all Y1 so 1y < Y1 < 1, the forward plot of the estimator has the
expansion

sup [NBy - ) - —

—————— % 'Ky (cy)| = op(1).
P <yl b 2efley) " (cy)| = op(1)

This result generalizes that of Johansen and Nielsen (2010, Theorem 5.2) who considered
as single forward step for the location model. The condition ¢ > 2¢yf(cy) implies that
0 < py < 1, see Lemma D.10, so the recursion is a contraction. Johansen and Nielsen (2013)
established a similar result for the iterated one-step Huber-skip estimator for a fixed 1.

3.3 Applications of the result for the forward residuals

The statements of Theorems 3.1, 3.3, 3.4 for the forward residuals and Theorem 3.2 do not
depend on the type of regressor. Thus, to apply these theorems it suffices to analyse the
asymptotically Gaussian processes G, L,, and K,, for the chosen reference distribution.

Theorem 3.6 Suppose Assumptions 4.1 holds. Then G, and IL, converge to zero mean
Gaussian processes with variances given by

Var{G,(c,)} = 20(1 - 1), (3.7)

Var{Ly(cy)} = T—liw L2 A1 )R 2m), (3.8)
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where the truncated moments T, and sy are given in (2.3). The covariance of the processes
G, and L,, satisfies

Cov{Go(cy). Lu(ey)} = %m — )1 — ) <0, (3.9)

The following pointwise results arise for ¢y < ¢ < 1)1, for some ¢y > 0 and ¢; < 1,

n1/2<'f_¢ _ C_w) 1/2M 2 N(0, wy) (3.10)
Oy Sy TSy

where wy, has contributions from Z,, from &, and from their covariance so that

Wy = 21:(1%) [Var{(Gn(%)} + 2¢yf(cy)Cov{G,,(cy), Ln(cy) } + cif2(c¢)Var{IL,n(c¢)}} .

Using P'Hopital’s rule it is seen that ¢y /o = V/3.

The above results shed light on some previously suggested distribution approximations for
the deletion residuals. The approximation of Atkinson and Riani (2006, Theorem 2) has an
asymptotic variance that matches that of the process G,,, while omitting the estimation error
for the scale. Riani and Atkinson (2007) presented an approximation to the distribution of
the deletion residuals that evolves around order statistics of certain t¢-distributed variables.
Due to Theorem E.1 in Appendix E that approximation also has an asymptotic variance
matching that of the process G,.

Example 3.3 Some particular reference distributions.
(a) Standard normal distribution. If f = ¢ then ¢y, = @ (1 +¢)/2} and

Ty =2 /0% wp(x)de = 2{®(x) — zo()}o" = ¢ — 2cpp(cy),
sy =2 /0% rto(x)dr = 2{3®(x) — (2* + 3$)g0(x)}‘gw =31 — Q(Ci + 3cy)p(cy).

(b) Scaled t-distribution with d degrees of freedom of Example 3.1(c) has density f(c) =
safa(csq) where £y is the t-density with d degrees of freedom variance s3 = d/(d — 2). Then
cy = s F (1 +4)/2) and ¢ = 2F4(cysq) — 1 It holds

Ty = (d = 1) {2Faa(cy) — 1} — (d — 2) {2Fu(cysa) — 1}
(d—1)(d—3) c d—
sy = (d —2)* {ﬁ {QFd 1 (S wQ) - 1} - 2m {2Fa-2 (cy) — 1} + {2F4 (cypsa) — 1} .

d

Note that for cy, — oo then the distribution functions approach unity so that

d—2
d—4

Ty — 1, »y — 3

which are the variance and the kurtosis of the scaled t distribution.
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Figure 1: The plots show ¢, /s, (thick line through (0,cp/s0) = (0,4/3)) and the limits
(cy & 2(wy/n)Y?) /sy for 2,/6, and f = ¢, given as thick dashed lines, for n = 128. Panel
a compares this to ¢, & 2(wy/n)Y?2 for 2,/6 corr through (0,¢p) = (0,0), panel b compares
it to ¢, &+ 2(¢(1 — ) /n)2/{2p(cy)} for 2,/0 (dotted lines), and panel ¢ compares it to
(cy & 2(wy/n)?) /s, calculated for f = ts.

Figure 1 illustrates the asymptotic results (3.10) when f is standard normal or ¢5 and
n = 128. For the standard normal case of Example 3.3(a) the asymptotic results of the
forward residuals /6, based on the biased estimator 7, are shown in all three panels. The
bold, solid line is the asymptotic mean ¢, /s,, noting that c¢o/q = v/3. The bold, dashed
lines are the 5% and 95% quantiles {c,, + 2(w,/n)Y?}/cy, which contain 90% of the scaled
forward residuals with n = 128, chosen for comparability with the data example in Riani
and Atkinson (2007, Figure 1). The 5% and 95% quantiles fan out for small ¢ due to the
biased estimate of the variance (™). For 1 close to 1 the quantiles and therefore the limits
diverge.

In panel a these results are compared to the results for the bias-corrected forward residuals
2y /0y cor Which passes through (0,0) because the curves for 2, /6, are multiplied by ¢,, and
S =0.

In panel b the result for estimated variance are compared to the results for known variance,
which are actually wider. This phenomenon is also seen for empirical processes of estimated
residuals, see Engler and Nielsen (2009, equation 2.10).

Finally panel ¢ compares the result for f = ¢ with the results for f = ¢5. With 5 degrees
of freedom Assumption 3.1 is not met. For higher degrees of freedom the results will be in
between the t5 and the normal results.*

3.4 Application of the result for the forward estimators

In an application of Theorem 3.5 for the forward estimators, the distribution of the kernel
3, 'K, (cyy) depends on the type of regressors. Building on the analysis in Johansen and
Nielsen (2009, section 1.4,1.5, 2013) we present a result for the stationary case. For situations
with deterministic trends or unit roots see those papers. In the case of stationary and

*Graphics were done using R 2.13, see R Development Core Team (2011).
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autoregressive regressors we take N = n~ /2, and the normalised matrix of squared regressors,
¥, =n"tY " @), described in Assumption 3.1(4ia) has a deterministic limit

Theorem 3.7 Suppose Assumptions 4.1 holds and that x; is stationary and autoregressive

with finite variance. Then ¥, >0 and K,, conveges to a zero mean Gaussian process
with variance given as
Var{K,(cy)} = 74022 (3.11)
Theorem 3.7 then implies that

Tw02 1

0, X7,
W 2efle))
which matches Johansen and Nielsen (2010, Corollary 5.3).

D

n'/2(By — B) =

NI

4 A class of auxiliary weighted and marked empirical
processes

It is useful to consider an auxiliary class of weighted and marked empirical distribution
functions for errors ¢; as opposed to absolute errors |¢;|. The analysis of this class generalizes
that of Koul and Ossiander (1994) in two respects. First, the standardized estimation error b
is permitted to diverge at a rate of n'/4~" rather than being bounded. Secondly, non-bounded
marks of the type ¥ are allowed. These results are therefore of independent interest. This
class of weighted and marked empirical distribution functions is defined for b € R4¥™® and
c € R by

o~

I
F%p(b7 C) = Ezz‘zlgingfl(eigmﬂrz;nb)y (41)

with (g;,_1,...,€1,2;,...,21)-measurable weights g;, and marks e”. By proving results that
hold uniformly in b, suitably bounded, we can handle the Forward Search. This allows an
analysis of the order statistics of the residuals at a given step m of the Forward Search, since
the order statistics depend on the previous estimation error b=N ~1(Bm) — B), but are scale
invariant. In turn, we can apply the results for the estimation errors N *1(3(’”“) — ) and

n1/2(&£gfnjl) — o).

4.1 Assumptions

We will keep track of the assumptions in a more explicit way than done above. In the
analysis of the one-sided empirical processes the density f is not necessarily symmetric.

Assumption 4.1 Let F; be an increasing sequence of o fields so €; 1,x;, gin are F;_1-
measurable and ¢; is independent of F;_1 with continuous, differentiable density f which
is positive for F71(0) < ¢ < F7Y(1). Let p,r,n, k,v be given so p,r € Ny, 0 <k <n < 1/4
and v < 1. Suppose
(1) density satisfies:

(a) moments: [~ _|e|*P/*f(u)du < oo;

12
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(b) boundedness: sup,cp{(1+ |c|*P)f(c) + (1 + |¢|*P)[f(c)]} < oo;
(¢) smoothness: a Cy € N exist so that for all a > 0

by (L V()
H;

1 2p)f
| ) _ upec o1+ [P _
1nf0§c§a(1 + c? p)f(C)

inf_q<u<o(1 + [c[*P)f(c) —

(i1) regressors x; satisfy maxi<i<, [n*/>"N'z;| = Op(1) for some normalisation matriz N ;
(1ii) weights gin, are matriz valued and satisfy

(@) n ' EX 0 |gin[* (1 + |02 N'a]) = O(1);

(0) 1320 ginl (1 + [0'/2N"a;]?) = Op(1).

Remark 4.1 Some discussion of Assumption 4.1 is given

(a) The case of no marks p = 0. This is the situation discussed in Koul and Ossiander
(1994). The primary role of v is to control the tail behaviour of the density. When p = 0
then 2"p = 0 for all r € Ny, so r can be chosen as r = 0 and the assumption simplifies
considerably.

(b) The tail condition in Assumption 4.1(ia) is used for some v < 1 for the tightness
result in Theorem 4.4. Otherwise v =1 suffices.

(c) The smoothness of density in Assumption 4.1(ic) is satisfied if h.(c) = (1+€2"P)f(e)
is monotone for |c| > dy for some dy > 0. Indeed, choose dy > dy so that sup,4, h.(c) =
info<c<d, hy(c) = hy(da). Then choose Cy larger than supy< <4, hr(c)/infocc<q, hy(c). A sim-
ilar argument applies for ¢ < 0. Note, that the smoothness condition implies that the density
has connected support.

(d) Sufficient condition for Assumption 4.1(i). If f is symmetric and differentiable
with ¢*f(c), ¢~ Yf(c)| both decreasing for large ¢ for some q¢ > 1+ 2'p, then Assumption
4.1(7) holds. Indeed, (ia) holds, since when cf(c) is decreasing, then c*P/Vf(c) is integrable
for some v < 1. Further, (ib) holds, since, first, the continuity and decreasingness of ¢?f(c)
and hence of f(c) implies (1 + |¢|*2"P)f(c) is bounded, and, secondly, since f(c) < 0 so that
|7 (c)| decreases then (1 + |¢[¥P)[f(c)| is bounded. Finally, (ic) holds due to the remark
(c) above.

4.2 The empirical process results

The weighted and marked empirical distribution function F9(b, ¢) defined in (4.1) is analysed
through martingale arguments. Thus, introduce the sum of conditional expectations

—g. 1.,
Fol(b,c) = ﬁZizlgmEi—l{é‘fl(eigacﬂ;nb)}» (4.2)
and the weighted and marked empirical process
F27(b,¢) = n'A{F57 (b,e) — FL" (b)) (4.3)

Three results follows. These are proved in the subsequent Appendix C. The first result
shows that the dependence of F9* on the estimation error b is negligible.



Theorem 4.1 Let ¢, = F~(). Suppose Assumption 4.1(i,ii,iiia) holds with v = 1, some
n>0andanr so2"' > 1+ (1/4+k —n)(1 +dimz). Then, for any B > 0 and n — oo,
it holds that

sup sup  |F2P(b, cy) — F9P(0, ¢y)| = op(1).
0<4<1|p|<nl/4-1B

For the standard empirical process with weights g;, = 1 and marks ¢/ = 1 the order of
the remainder term can be improved as follows. In terms of the Assumption 4.1 note that
when p = 0 then r will be irrelevant except for the condition on the regressors in part (iiia).

Theorem 4.2 Let ¢y, = F~1(¢). Suppose Assumption 4.1(i,ii,iiia) holds with v =1, p =0,
r =2 and some n > 0. Then, for any B >0, anyw <n—r < 1/4 and n — oo, it holds that

sup sup IFL0(D, ey +n"12d) — FL0(0, cp)| = op(n™®).
0<9<1 |p,|d|<nl/4-"B

The next results presents a linearization of ?i’p(b, c).

Theorem 4.3 Let ¢, = F1(v)). Suppose Assumption 4.1(ib,iiib) holds with r = 0 and some
1n > 0. Then, for all B > 0 and n — oo, it holds that

sup  sup  [n2{F2P(b,cy) —F2P(0,¢4)} — Upflcif(cw)nflZ?:lgmnl/%;nb\ = Op(n2").
0<9<1|p|<nl/4-"B

Finally, the weighted and marked empirical process F27(0, c,) in (4.3) is tight. It holds
by construction that F2%?(0,0) = 0. Following Billingsley (1968, Theorem 15.5) tightness in
the space D[0, 1] endowed with the uniform metric, then follows from the next result.

Theorem 4.4 Let ¢, = F71(¢)). Suppose Assumption 4.1(ia,iiia) holds withr = 2 and some
v < 1. Then, for all € > 0, it holds

lim lim supP{ sup [F2P(0, cyt) — F9P(0,cp)| > €} — 0.
PO n—ooo<y<yi<imi-y<o

The proofs of these results are given in Section C, but first we establish some martingale
results and discuss a metric on R which is applied in the chaining argument needed in the
proofs.

5 Iterated exponential martingale inequalities

Chaining arguments will be used to handle tightness properties of the empirical processes.
This reduces the problem to a problem of finding the tail probability for the maximum of a
certain family of martingales. We first give a general result on a bound of a finite number
of martingales, which we prove by iterating a martingale inequality by Bercu and Touati
(2008). Subsequently, two special cases are analysed where the number of elements in the
martingale family is increasing and where it is fixed.

14



Theorem 5.1 For { so1 < { < L let z,; be F;-adapted so Ezgj < 0o for some 7T € N. Let

D, = maxi<e<r, )i Eim127; for 1 < v <T. Then, for all ko, k..., 55 >0, it holds
Ky
|3~{II£1€SL<><L|Z:z (zei — Eizqze) r=1"_ +2LZT Oexp( 14’ir+1)'

The proof is given in Appendix A.

Theorem 5.2 For { so1 < { < L let z,; be F;-adapted so EZZ < oo for someT € N. Let
D, = maxj<<r, Z?:lEi_lzg; for 1 <r <T. Suppose, for some s >0, A >0, that L = O(n?)
and ED, = O(n®) for r <7. Then, if v > 0 is chosen such that
(1) ¢ <2vw
(i1) ¢+ X < w2,
it holds that for all Kk > 0 and n — oo that

lim P{max > " (ze; — Ei_1204)| > kn”} = 0.

n—oo 1<¢<L
Proof of Theorem 5.2. Apply Lemma 5.1 with r, = (kn¥)?"(28\logn)'~?" for any

% > 0 so that o = n” and x7 /K1 = 28X logn and exploit conditions (i,ii) to see that the
probability of interest satisfies

ans(logn)? =t ns(logn)¥

P,=0{n — + ZT‘ZIT + 271)\77172)‘} =o(1),

as desired since ¢ + A < v2" and ¢ < 2v < v2" forr > 1. m

Theorem 5.3 For (¢ so1 </{ <L let z,; be F;-adapted so Ezzfl- < 00. Suppose
Emaxi<o<r > i Eim12]; < Cn for ¢ = 1,2 and some C' > 0. Then it holds, for all 6 > 0,

L+ 1)930 0C KO
_ 1/2 ( -~ _
P{lrgéeE(LQ v (20 — Eimrzes)| > kn /) < — +4Lexp( 14)

2¢—1

Proof of Theorem 5.3. Apply Lemma 5.1 with x, = xn* 072’ for any x,60 > 0 so

that ko = kn*/? and K2/kg1 = K to get the bound
(L+1)0° 0 K0
< 7
P s i T Eed + D e ThBed o+ 4L oxn(-T))

Exploit the moment conditions to get the desired result. m

6 Conclusion

The intention of the Forward Search is to determine the number of outliers by looking at the
forward plot of the forward residuals. The main results for the Forward Search given in §3
describe the asymptotic distribution of that process in a situation where there are no outliers.
We can therefore add pointwise confidence bands to the forward plot, using Theorem 3.3.
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These give an impression of the pointwise variation we would expect for the forward plot if
there were in fact no outliers. In practice we would want to make a simultaneous decision
based on the entire graph, but this is for future research.

We suspect that the iterated martingale inequalities will be useful in a variety of situ-
ations. For instance, in ongoing research, we are finding that the inequalities are helpful
in establishing consistency and asymptotic distribution results for the Huber-skip regression
estimator.
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A Proofs of martingale inequalities
Proof of Theorem 5.1. 1. Notation. For 0 < r <T define Ay, = 37" | (2f; — E;_12};) and

P, (k) = P(max Ay, > K,), Q,(k,) = P(max |A,| > k),

1<¢<L 1<0<L

where Qy(ko) is the probability of interest, while P,.(k,) < Q,(k,).
2. The terms Q,(k,) for 0 <r < 7. We first prove that for any &, k.1 > 0 then

'%72» EDT‘+1
Q,(kr) < 2L exp(— ) + Proa(sri1) + - (A1)
14K 41 Rr+1

The idea is now to apply the following inequality, for sets A, B,
P(A) =P(ANB)+PANB) <P(ANB)+P(B°).

In the first term, A relates to the tails of a martingale and B to the central part of the
distribution of the quadratic variation. Thus the first term can be controlled by a martingale
inequality. In the second term, B¢ relates to the tail of the quadratic variation. The sum of
the predictable and the total quadratic variation of A, is B, = Z?:lBgm where By, ; =
(20; — Eic127:)” + Eisa(27; — Eic127;)?. It holds

Q- (k) < P{(lrgeang |Ag,| > Kr) N (1I£za§XL B, < Thri1)} + P(lrélgang By > Thry1).  (A2)

Consider the first term in (A.2), S;, say. By Boole’s inequality this satisfies

Sl,r S Zﬁzlp{(|A€,r| > Hr) N (1I£Za§XL Bé,r < 7K’7"+1)}-

Noting that (maxi</<y By < Tkr41) C (B, < Tkyy1) gives the further bound
St < S0P As] > k) N (Bey < Thpsr) )
Since Ay, is a martingale the exponential inequality of Bercu and Touati (2008) shows
P{(|Ae,| > kr) N (Bey < Thpg1)} < 2exp{—r2/(14k,11)}.

Taken L times, this gives the first term in (A.1).

Consider the second term in (A.2), Sy, say. Ignore the indices on By, z;; and apply
the inequality (z — Ez)? < 2(2% + E?2) along with E?z < Ez? and E(z — Ez)? < E2? to get
that B = (z — E2)? + E(z — E2)? < 222 + 3E2? = 2(2% — Ez?) + 5E2?. Thus,

2'r+1 27‘+1 27“+1
Spr SP{max 357, (5 —Eicrzgy ) 2 e} + P(max 300 Eiaziy 2 frs).
Use the notation from above and then the Markov inequality to get
1
827r < Pr—&-l(/{r—‘rl) + P(Dr—i-l Z K;T+l) S Pr—i—l(/ﬁ:r—i—l) + EDT+17

Rpry1



which are the last terms of (A.1).

3. The term Pr(rr). Apply the inequality |z| — E;_1|z| < |z| and then Boole’s and

Markov’s inequalities to get

7 T L T
Prlrir) < P(max S1127; > ) < L e P 22, > k) < — max ESY 22,
TR BSOS

1<¢<L 1<¢<L

Apply iterated expectations and interchange maximum and expectation to get

L r L -
PF(HF) < — max EZ?—I Ei,lzlg’i < —E max Z?—l Ei,lzzi =

Ky 1<U<L - Ky 1<U<L - KRy

4. Combine expressions. Since Pri1(kry1) < Qpy1(Kry1) then write (A.1) as

K2 ED,
Qr(r) < 2Lexp(=g=) & Q) + ==
2 ED,
Qr(’%r) S 2L eXp(_ Al ) + ,Pr+1(’%r+1) + = forr=r—1.
14k,14 Kri1

Then sum from r = 0 to 7 — 1 and insert the bound Pr(r7) < k. ' LED;. =

B A metric on R and some inequalities

—ED:;.

forr=0,...,7—2,

A metric is set up that will be used for the chaining argument. Then a number of inequalities

are shown, mostly related to this metric.
Introduce the function

Ji,p(xay) = (5i/g)p{1(6i§ay) - 1(6¢§o’:}3)}7

(B.1)

where p € Ny and ¢;/0 has density f. We will be interested in powers of J; ,(x,y) of order 2"
where r € N was chosen in Assumption 4.1(i). Note that 2"p is even for p € Ny and r € N

so that E?TP is non-negative. Thus, define the increasing function

H, () = / (Lt ()

— 00

with derivative H,(z) = (1 + 22"?)f(z), along with the constant

H, =H,(c0) = /_00(1 + e¥P)f(g)de < oo.

o0

It follows that, for x <y and 0 < s < r then

0 < [E{Jip(z,y)}*| < E{|Jip(z,y)[" } < Ho(y) — Hi (@),

noting that, for ¢ > p > 0 and € € R, then || < 1 + |¢].

(B.2)

For the chaining, partition the range of H,(c) into K intervals of equal size H, /K. That

is, partition the support into K intervals defined by the endpoints

— =< << cgo1 < Cg =00,

(B.3)
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and for 1 <k < K,

E[{Jip(cho1, cr)}*] = Hy(cx) — He(crmr) =

x|z

Let c_j, = ¢g for k € N.

The number of intervals K will be chosen so large that c¢_, ¢, exists which are (weakly)
separated from zero by grid points in the sense that ¢, <c_ <¢,. <0and 0 < ¢, 1 <
¢+ < ¢, and so that

F(eo) = B (er) = H, /(CuK2). (B.4)

This can be done for sufficiently large K since f is continuous and since the function HT(C) =
(14 c®P)f(c) is integrable by Assumption 4.1(ia).

The first inequality concerns the H,-distance of certain pertubations of the ]ci_1, ¢k
intervals.

Lemma B.1 Suppose Assumption 4.1(i) holds with v = 1 only. Then a constant C' > 0
exists so that for all K satisfying (B.4) then

sup  sup {H,(cx +d) —H.(cx_1+d)} <CH,/K.

1<k<K |d|<K~1/2

Proof of Lemma B.1. 1. Definitions. Consider positive c; only with a similar argument
for negative cj. Let H = H,(cx, + d) — H,(cp_1 + d). Let H,(c) = (1 + *P)f(c) and

HT(C) = inf H, (d), Hr(c) = sup HT(d),

0<d<c d>c

which are decreasing in ¢. Assumption 4.1(ic) then implies

Ci H(c) < H,(c) < Fi(e) < Fi(c) < Cubl, (o). (B.5)
Since H,(c) = 2" pc? P~ (c) + (1 + > P)f(c) then Assumption 4.1(ib) gives

sup [H,(c)| < oo. (B.6)

ceR

2. Apply the mean-value theorem to get, for some ¢} so ¢;—1 < ¢ < ¢, that
H,/K =H,(¢;) —H(co1) = (co — Ce—1)Hr(CZ)- (B.7)

Two inequalities for H,(c) arise from (B.5) and condition (B.4). These are

H,(c)
H.(c) > H,(c) > H,(cy) >

< H,(c) <H, (c ) < CuF,(cy) = H, /K" *fore > ¢, (B.8)
> H,(c.)/Ch > H,(c)/Ch = H, /(CRKY?)for0 < ¢ < c,.  (B.9)
In parallel to (B.9), which is derived for positive ¢, it holds for negative ¢ that

H,(c) > H,/(CRK'?) for0>c>c_. (B.10)



3. Small arguments c_ < ¢} < cy. Combine (B.7), (B.9) and (B.10) to get
cx — cro1 = HyJ{KH,(c})} < C3/KY? (B.11)
Two second order Taylor expansions give

H,(ck +d) — H,(ck) = dHT(Ck) + (d2/2)HT(CZ*)7
H.(cko1 +d) —H.(cp1) = dHr(Ck—l) + (d2/2)|:|r(02*_1)7

where ci*, ¢ | satisfy max(|c; — cxl,|ci_; — cx_1]) < |d| < K~Y2. The difference is, when
recalling the definition of H in item 1,

H — {H.(c) = Hr(cx-1)} = d{H, (cx) = Ho(era)} + (@2 /2){H (¢;") = Ho (i)}

It holds H,(cx) — H(cx—1) = H,/K. The mean-value theorem gives that for a ¢ so ¢;_1 <

o
¢x < ¢ then H,.(c;) — H.(ck—1) = (e, — cx_1)H,-(Cx). Insert this and rearrange to get

T

H, . d? . " SR
0<H= N + d(cr — cp—1)H (Cr) + g{Hr(Ck ) = He(ciio) -

Using the bound to ¢ — ¢z—y < C3/K"? from (B.11) and the bound |d| < K~'/2 it follows
that 0 < H < C/K where C' = H, + (C{ + 1) sup.g |H,(c)| does not depend on K.
4. Large arguments ci > ¢4 so k > ki + 2. Expansion (B.7) and inequality (B.8) imply

ch — Coo1 = H. J{KH, ()} > K712 > |d|.
The same holds for cx11 — ¢ and ¢x_1 — ¢x_o. Therefore

Ck+d§6k+|d‘ < ¢ + Cpt1 — Ck = Cit1,
Ch—1+d > cp1 —|d] > g1 — (Cho1 — Ch—2) = Ch2.
It then holds that 0 < H < H,(cxs1) — Hr(ck—2) = C/K, where C' = 3H, does not depend
on K.

5. Intermediate arguments ci, > cy and ky < k < ki +1. In thiscase ¢, 1 < cp < <
¢r < ¢k, +1. Consider the length of the interval |k -1, ¢1]. The mean-value theorem shows

H./K =H,(cr) = He(er—1) 2 Hiey) = Hier,-1) = (e — ar—)He(cf, ),
for 0 <cg, -1 < ¢}, < cy. Insert the inequality (B.9) and rearrange to get
cp—cp1 < CRKTY2, (B.12)
Now, rewrite 0 < H = H; — Hs where
Hy = H,(cx +d) — Hy(cy), Hy = Hy(cr—1 +d) — Hy(cy).

For the term H;, note that following the argument in item 5, then ¢, — ¢y and g1 — ¢
are greater than |d|, so that ¢;, 1 < 1 < ¢ +d < cpp1 < €y 42. Since ¢, 1 < e < o,
it holds |H| < H,(ck, +2) — Hr(ck,—1) < 3H, /K.
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For the term M, use the mean value theorem to get Hy = 0p.qH,(cy) + (5,%7d/2)l:lr(c**),
where 64 = cx—1 + d — ¢y while ¢** satisfies |¢™* — ¢;| < |0q4|. For the linear term note
that (B.12) and the bound |d| < K~Y/2 imply |6.4| < (C% + 1)K /2, whereas (B.4) shows
H,(cs) = H,/(CuKY?). For the quadratic term note that 67 ; < (C3+1)2K !, while H, (c**)
is bounded by (B.6). Therefore [Hy| < K~ (CZ% 4+ 1)H,/Ch + (CZ + 1)?sup,cg [H.(c)]/2}.

Combine to get H < |Hy| + |Ha| < C/K for some constant C' not depending on K. m

The next lemma shows how small fluctuations in the arguments of the function J;, can
be controlled in terms of J;, functions defined on the grid points. The proof uses Lemma
B.1.

Lemma B.2 Suppose Assumption 4.1(i) holds with v =1 only. For any c let ¢x be a right
grid point for k < K that is cx_1 < ¢ < ¢, and let ¢ is a left grid point for ¢ > cx_1
so k = K — 1. Then an integer k; > 0 exists so that for all K satisfying (B.4) and all
c,d,dy, €R so|d| < K~Y2 and |d — d,,| < K™, then integers k', k' exists so

| Jip(e,c+d) — Jip(crs e+ dm)| < |Jip(chory, cr)| + [ Jip(crt—i,, cut)| + [Jip(Crik,, cut)]-

Proof of Lemma B.2. 1. Decomposition. Only the case k < K is proved. The proof
for k = K is similar. Let ¢ = 1 for notational simplicity. Write

T = Jiple,e+d) — Jiplen, cx + dm) = 8(Zy + 1o + T),

in terms of indicator functions Z; = liccc,<cp)s L2 = liej<eptd) — lci<ep+dn) and Iz =
Lictd<e,<cp+ay- It follows that |T| < [eV|(Th + |Zo| + Zs5).

2. Bound for I,. Since ¢;_1 < ¢ < ¢ then 0 < T; = 1(cer,<ep) < Loy <ei<en)-

3. Bound for T,. Write d = d,, + (d — d,,) where |d — d,,| < K% Let ¢ = ¢4 + dp.
Then it holds |Zo| < 1(¢t—g-1<c,<ct1x-1). Using first this inequality and then the mean value
theorem it holds

& = E(|e"Ty|) < Ho(ch + K™Y — H,(¢F — K™Y < 2H 'supH,(¢)H, /K.

ceR

Therefore, a k' exists so |Z5| < 1(CkT—kJ<Ei§ckT) where k; < 2H, ' sup.cg Hr(c) + 2.

4. Bound for 1s. Since c,_1 < ¢ < ¢ then T3 < 1, | td<e;<c,+d)- Using first this
inequality and then Lemma B.1 noting that |d| < K~%/2 it holds

53 = E(|€f|z-3) S HT<Ck + d) - HT<C]€_1 + d) S CHT/K

Therefore, a k* exists so |Z3| < 1 <ei<ey) Where by < C+ 1. m
,<&is

Cri—k

The next inequality gives a tightness type result for the function H,.

Lemma B.3 Let ¢, = F1(¢). For all densities satisfying Assumption 4.1(ia) for some
v <1, then a C, > 0 exists so that for all 0 < ¢ <1 it holds

max {H,(ci0) = Hulcu)} < Cud' ™.

0<y<1-—
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Proof of Lemma B.3. Let ¢y = F(0). Note that 2"p is even for r € N, p € Nj.
1. Let ¢ > 1. Then H,(cy14) — H,(cy) is increasing in ¢ since

d ~ Hileyrg)  Holey) o
@{HTWM)_HT(%)}_ f(%i;; N f(Cwqg =

Thus, maxy,<yp<1—¢{Hr(cyprs) — Hr(cy)} < Hp(00) — H,(c1-4). This bound satisfies

¢_C,ZZT>O.

H,(0c0) — H,(c1-¢) = /oo (14 " )f(e)de = ¢ + /OO "2 f(€)de.
Cl—¢ Cl—¢

Assumption 4.1(ia) shows EeP?' /v < C for some C > 0 so 1 — F(¢) < CeP?/V by the
Chebychev inequality. Hence, ¢?* < C*{1 — F(€)}™", so that

H,(00) — H,(c1—y) < o+ C” /OO {1 —F(e)}"f(e)de

Substituting 1) = F(e€) so dip = f(e)de gives

CV

1—v

¢1—l/.

1
Hy(00) — He(c1_g) < 6+ C” / =g

2. Let ¢ < 1)y —¢. Apply a similar argument as in item 1, to show that H, (cy+4) —H,(cy)
is decreasing because ¢y < ¢yt < 0. Thus, H,(cs) — H,(—00) satisfies the same bound.
3. Let Yo — ¢ < ¢ < 1. Then

_ H — Hy(cy)} <H, — Hy ey o).
H= max {Hi(cpeo) —Hrles)} < Hrleyors) = Hi(cp—)

Using the mean value theorem then, for some * so ¥y — ¢ < ¥* < Yy + ¢,

H <HAF ' (vo +¢)} = HAF (¥ — 0)} = H{F ' (¢")}26 < 2H,¢.
4. Combine results. Note that ¢ < ¢'7". Let C, = max{2H,,1+C"/(1 —v)}. m

C Proofs of auxiliary Theorems 4.1—4.4

Proof of Theorem 4.1. Without loss of generality let o = 1. Let R(b,c,) = F9?(b, cy) —
F57(0,cp) and R, = supg< <1 SUPp<pr/a—np [FGF (D, cp) — F5P(0, ¢p)|.

L. Partition the support. For 6,m > 0 partition axis as laid out in (B.3) with K =
int(H,n'/?/§) using Assumption 4.1(ia) with v = 1 only.

2. Assign ¢y to the partitioned support. Consider 1/2 < ¢ < 1 only, noting that a
similar argument can be made for 0 < ¢) < 1/2. Thus, for each ¢, there exists c,_1, ¢ s0
Cr—1 < Cy < ¢g.

3. Construct b-balls. For a { > k cover the set |b| < n'/4~"B with M = Q{n(l/4=n+Q)dimz1
balls of radius n~¢ with centers b,,. Thus, for any b there exists a b,, so |b — b,,| < n~¢.

4. Apply chaining. For k < K so ¢, < cx_1 then relate ¢, to the nearest right grid point
so R(b,cy) = R(bm,cx) + {R(b,cy) — R(by, cx)}, whereas for k = K so ¢, > cx_; related



¢ to nearest left grid point so R(b, cy) = R(by, cx_1) + {R(D,cy) — R(bm, cxc—1)}. Therefore
R, < Zj’:l R j, where

R,1 = max max |R(bm,ck>’7
1<k<K 1<m<M

Rz = R(b,cy) — R(b
e =2 e P L

+ max sup sup  |R(b,cp) — R(bm,cx_1)|-

1<m<M CK—1<Cy |b—bp,|<n—¢

Thus, it suffices to show that P(R,,; > ) vanishes for j =1, 2.

5. The term R, ;. Use Lemma 5.2 to see that R, = op(1). To see this let v = 1/2
and let g;, have coordinates ¢;,. Then write R(bm,ck) as n~1/2 Yo (2o — EiZ1ze) with
200 = g Jip(Chy i + 0712, by, see definition in (B.1), and where ¢ represents the indices
k,m. The conditions of Lemma 5.2 need to be demonstrated.

The parameter \. The set of indices ¢ has size L = O(n*) where A = 1/2 + (1/4 — n +
¢)dimx since K = O(n'/?) and M = Q{n/4=n+c)dimb1

The parameter <. Since |1, <cita’ bm) = Lei<en)] < Licp—|@inllbm|<ei<crt|zimllbml) then, for
l<q<m,

Eio1(Jip)™ < Ho(en + [ainl[bml) = He(er = [inl[bm]) < 2l [bm| sup H,.(v),
ve

when using the mean-value theorem. Since |b,,| < nY/47"B while sup,.g H.(v) < oo by
Assumption 4.1(ib) then

D, = 1@&}2 Z?=1Ei71(2’&)2q < Cl(nflz?:ﬂgfnlzq\nl/%m\)n?’/‘**n, (C.1)

Thus, ED, = O(n°) where ¢ = 3/4 — n by Assumption 4.1(éiia).
Condition (i) is that ¢ < 2v. This holds since 0 < 7 so that ¢ =3/4 —n < 1 =2v.
Condition (ii) is that ¢ + A < 2v. If { > k is chosen sufficiently small then

SHA=1+(1/4+r—n)(1+dimz)+ (( — k)dimz — Kk < V2" =21

provided r is chosen so 2"t > 14 (1/4+ k — n)(1 + dim z).
6. Decompose R, 2. It will be argued that R, 2 < 3(R,2 + Zﬁw) + op(1), where

Rz = max 2S5 Gl {1 p(Chmiys )| — Eima | Tip(Crmrey s )} (C.2)
Rpa = max n 2 Gin Eic1| Jip (Chiy s 1)) (C.3)

To see this, let ¢, denote nearest right grid point for ¢y, < cx—q while ¢, = cx_q for ey, > cx_1.
Note first that RE(b, ¢y) — RE(bm, ) involves the functions

Ti = Jip(cy, ey + 2,b) = Jip(cr, ¢ + b))

Assumption 4.1(ii) gives that maxi<;<, |7im| = Op(n*~'/2). Thus, for all ¢ > 0 an C, > 0
exists so that the set (max;<ij<, |T:| < n"/2C,) has probability of at least 1 — e. On that
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set and with d = 2, b and d = z),b then |d| = O(n~V/4" ) = o(K~Y2) forn — Kk > 0
and |d — d,,| = O(n~Y/2+%¢) = o(K~!) for ( — k > 0. Thus, for sufficiently large n then
|d| < K~2 and |d — d,,| < K. Lemma B.2 using Assumption 4.1(i) then shows that a k;
exists so that for all ¢, d, d,, there exist kT, k* so

\Ti| < | Jip(Chmiys )| + | Jip(Crt—pys cit)| + [Jip(Crii,, cit)] (C.4)

As a consequence it holds, as desired, R, 2 < 3(7%,172 + 2%7172) +op(1).

7. The term fén’g is op(1) by Lemma 5.2. To see this note that ﬁn,g is the maximum of a
family of martingale of the required form with ¢ = k so L = K and zy = |gin||Ji p(Ch—rk,, Ck)|
and it suffices to set 7 = 2.

Condition (i) holds with A = 1/2 since K = int(H,n'/?/§).

Condition (i7) holds with ¢ = 1/2 since Ei,l(Ji,p)Qf < H,(cx) — Hy(ck—r,) = ksH, /K so
that Y7 | E; 1(J;p)? = O(n'~"/?), uniformly in ¢, .

It holds that A + ¢ = 1 which is less than 2" = 4.

8. Bounding R,2. Note E; 1|J;,(ck_r,,cx)| < 2k ;6n~? uniformly in i, k by the same
argument as in item 7. It follows that R, » < 2k;on =1 Y7 | |gin|. Here n=1 327" |gin| =Op(1)
by Markov’s inequality and Assumption 4.1(iiia), so that R, » = Op(d). Thus, choosing §
sufficiently small then R,, 5 is small in probability. m

Proof of Theorem 4.2. It suffices to show, for all w < 7 — k where n — k < 1/4, that

Si=sup sup sup|FpO(b, ey + 0 V2d) = F 00, ¢ + 0 2d)| = op(n),
0<y<1 |p|<nl/4—nB dER

Sy = sup  sup  [FEO(0, ¢y +n"V2d) — FLO(0, ¢p)| = op(n ).
0<W<1 |d|<nl/4-1

For each term the proof of Theorem 4.1 is used with minor modifications. Since p = 0 then
2"p = 0 for all r, which simplifies the assumptions.

A. The term S;. The steps of the proof of Theorem 4.1 are modified as follows.

1. Choose K = int(H,n'/***/§) where w < n—r < 1/4.

2. For each ¢, +n""1/2d there exists c_1, ¢, depending on n 50 ¢,_; < ¢y +n""2d < ¢4,

3. Choose ¢ > n which implies ( > & since x < 1. The b-set is now |b| < n'/4* B so
that the number of b-balls is M = Q{n(/4+r—n+)dima

4. Note that in the chaining argument ¢, is replaced by c,, + n"~*/2d. This only affects
ang.

5. The term R, 1. Use Lemma 5.2 to see that R, ; = op(n™*), now using v =1/2 —w >
1/2 + k — n. Define z;; as before. Since p = 0, gin, = 0 then |J;,(z,y)|* = |Jip(z,y)| and
22| = |zu| for any r € Ny. The inequality (C.1) for D, holds as before, uniformly in ¢ € N
so¢=3/4—n,but \=1/24+w+ (1/44+k —n+()dimz. Condition (i) holds since n < 1/4
and kK > 0s0o¢ =3/4—n <1+ k—2n < 2v. Condition (ii) holds since ¢ + A\ < oo while
v > 0. Thus, for any ¢ and sufficiently large 7 then ¢ + A\ < v2".

6. Lemma B.2 is an analytic result holding in finite samples. So the argument is not
affect the dependence of ¢ on n through ¢, + n"~1/2d. In particular, (C.4) holds as stated
and therefore the decomposition of R, 2 holds, noting that K is now chosen differently.

7. Apply Lemma 5.2 with 7 = 2, but with A, ¢ chosen differently. Condition (i) holds
with A = 1/2 + w holds since K = int(H,n'/?*/§). Condition (ii) holds with ¢ = 1/2 — w



since Eifl(Ji’p)Al = Eifl(Ji’p) < Hr(Ck) — Hr(ckrka) = kJHr/K so that Z?:l Eifl(Jiyp)zl =
O(n'~Y/2=%) ‘uniformly in ¢,4. It holds that A 4+ ¢ = 1 which is less than 22(1/2 — w) for all
w < 1/4. Lemma 5.2 then shows R, = op(n~*) for all w < 1/4.

8. Note E; 1|Jip(chi,,cx)| < 2k;0n~%~1/2 uniformly in i, k by the same argument as in
item 7. It follows that R, 2 < (n71 Y1, [gin* )n™* =O0p(n™*).

B. The term S,. Rewrite

Sy = sup  sup |FL0(0, ¢y +n2d) — FLO0,¢p)l.
0<y<1 |d|<nl/4-nB

Choosing the regressor as z%, = n*~'/2 then F1°(0, ¢, + n*"'/2d) = F-0(d, c,). Apply the
argument of part A. m

Proof of Theorem 4.3. The expression of interest is
R(b, cy) = n'*{F}7 (b, ) — FyP(0, ¢p)} — 0P f(cy)n ™ S0 gin 2 al,b.

Recalling the definition of F.” from (4.2) this satisfies R(b,cy) = n 237" g:nSi(b, cy)
where
Sl(b7 Ci/J) = Eifl[gf{l(t?iﬁffcdr‘rb'mm) - 1(61:S06w)}] - O-pil‘rgnbczf(cdﬂ)'

A bound is needed for S;(b,cy). Let hy, = o~ a),b and g(c) = Pf(c). Write S;(b, ) as an
integral and Taylor expand to second order to get

cyt+hin 1 )
Sitbea) = [ gledde = huglen) = 5HE)
cy
for an intermediate point so |¢* — cy| < |hin|- Exploit the bound |b] < n'/4~"B to get
1 _ s : _
[Si(b, ey)| < 5o bwin]* sup [&(c")] = [ | sup [§(c)| O (n'/?727),
ceR ceR

Thus, by the triangular inequality then

[R(b, )| < n7 250 gl ISi(b, )] < O(n_%)n_lﬂlllgmlInmwanQSlelﬂg &(0)]-

Due to Assumption 4.1(ib, 74ib), this expression is of order Op(n ") uniformly in ¢,b. =

Proof of Theorem 4.4. 1. Coefficients o, €, ¢, r. Without loss of generality let o = 1
and 0 < ¢ < 1 and € < 1. Since ¥T — 1) < ¢ then Lemma B.3 with Assumption 4.1(ia) shows
that 0 < v < 1 and Cy > 0 exist so H,(cy1) — Hy(cy) < C19'7. Now, take 0 < € and n as
well as 0 < ¢7)/4 < €2 as given. Throughout, constants C; > 0 for j = 1,2.... will be
found not depending on ¢, n,e. Let r = 2.

2. Fine grid. Given ¢, ¢, n let T satisfy 27 < n=1/2¢p(1=¥)/4 < 21=m,

3. Coarse grid. Let m satisfy 27 1H, < C1¢'™% < 27™H,.. For large n then m > m.

4. Partition support. For each of m = m, ..., m partition axis as laid out in (B.3) with
K,, = 2™ points. For each m, points ¢, , and ¢t ,,, exist so ¢,,, = Cx—1,m < €y < Crpiym = Cm
and gjn = Cut gy < Cyt S G = Ejn. It holds that ¢,,—1 = ¢k, _, m—1 equals either
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Cm = Ckpm O Ck,41m SO that €,_1 > ¢, and H(¢,,—1) — H(G,,) is either zero or 27" H,.
There is at most one m-grid point in the interval ¢y, cyt.
5. Decompose J;,(cy, cyt), see definition in (B.1). Split the cy, ¢yt interval into three

intervals where the partitioning points are ¢z and ng which are the fine grid points to the
right of ¢, and to the left of ¢+, respectively. Note, that if ¢, ¢yt are in the same m-interval

then ¢z > gl% and if they are in neighbouring m-interval then ¢; = ng Thus,
Ji7p(0¢, C¢T) = Ji7p(Cw,Em) + Ji7p(ng, CdJT) — 1(Em>g%) Jm,(gm, Eﬁ) + 1(%<7&m)!]i’p(5m’ QTW)

Consider the fourth term. An iterative argument can be made. Since Zm < ¢l then the
coarser (m — 1)-grid satisfies ¢ < Gm1 < ¢ T L < QTW, so that

Jz}p(aﬁag%) = Jw(cmvcm 1) + le(cm 170* )+ J,p( Cm—1> In)

Ifcm = cL _ then J; ,(Gm1, cin 1) = 0 and the iteration stops noting that for m < m — 1
then m-grid points cross over so ¢, > Cm_1 = & 1> cT Ifem < c- T _, then the argument
can be made again for J; ,(Cm—1, Qqu)- In the m-th step the 1terat10n continues if ¢,, < ¢
so that if there are no other m-grid points between s, ¢ the contribution from the (m —1)-
step is zero. Since there is at most one m-point in the interval ¢y, c,t, then the m-step will
either give a zero contribution or the grid points will have crossed over at an earlier stage.

Therefore the fourth term satisfies
m

1(5%<7(Lm)Ji,p(5ma ) = 2 m=m 1L (e, <ch) 1V Jip (Cms Em1) + Tip(cho1 )}

6. Decompose S = nl/Q{F(O, 0, cw)—F(O, 0, cy)}. Due to the decomposition of J; ,(cy, cyt)
in item 5 then |S| < |Z1| + | Za| + | Z3| + | Z4| + | Z5|, where

1 " _ _
Zy = —=2 i1 9inlJip(Cy, Cm) — Bima{Jip(cy, Cm) },
\/_

Zy = \/—Zz 19in] 2p(_m7CwT) —Ei- 1{J,p( Cw*)}]
Z3 = CW>F77 \/—Zz 1gzn[ Zp(—m7 )_ Ei—l{‘]i,p(gmveﬁ)}L
Zs=Y i1 Lo ech) TZ?zlgm[Ji,p(EmaEm—l) — Ei1{Jip(@Cm, Cm—1) },
Z5 Zm m+11 cm<cm \/—Z 19m[ ,p(_:rn & m)_El I{le( 1>Cin)}]

7. The term Z,. Since |J; ,(cy, Gm)| < |Jip(Cars Gm)| 1t holds

\Zl\<\/—21 1[Gin [ Ji.p (G, @) | + Bica{[ Jip (G ) [}

Since E;—1{|Ji p(¢im, &)} < Hp(Gm) — Hy(¢) = 27 H, then Assumption 4.1(ia, iii) shows,
for some C5 > 0, that

EZ?:l |gin’Ei71{’Ji,p<Qma Cm)|} < nCy2 " H, . (C.5)



27

Noting that 27 < n=1/2¢¢(1=)/4 and using the Markov inequality then

2 n _ v
P(|Z1] > €) < mEZmfgm\Ei—l{Ui,p(Qm» G|} < 20, H 0,
8. The terms Zs and Zs. Apply the same argument as in item 7.

9. The term Zy: finding martingale. Introduce martingales

L
Mé,m,n = ﬁzz‘zlgin[t]i,p(cf,mv C€+1,m) - Eifl{Ji,p(CZ,Tnu Cﬂ+1,m)}]-

Recall that for instance ¢, = cy,, »» while ¢,,_; either equals ¢y, m OT Ck,,+1,m SO that €, Cns
are at most 1 step apart in the m-grid. It then holds that

’Z4’ < Zzzm+1|Mkm,m,n|-

The point cy,, », satisfies Cm < Cp < Cpym < Cp. Decompose the interval ¢, ¢y, of length
27 H, into 2™ intervals of length 27™ H, with left endpoint ¢, 4, for 0 < £ < 2™ say.
The interval cx,, m, Ck,,+1,m 1S one of those. This gives rise to a further bound

|Z4| S Zzzm—‘rl kmgﬁill’glifymfm ’Mf,m,n| .

Note that Yo7 20m=m)/4 < 37% 973/4 — (214 —1)~! < 6. It therefore holds

2(ﬂ_m)/46

P(Zil > ) < PU_pr{, _ max [ Mymal >

}

Using Boole’s inequality then

o(m—m)/4,

>—F

Fon U<k +2m—m 6

P(|Z4] > ¢€) < Zm P{ max | Mg

m=m+1

10. The term Zy: apply Lemma 5.8 with zp; = g7, Ji p(co—1,m, Ce.m) Where gf, is a coordi-
nated of g;, and with L = 2™™™ while x = 2™~™)/4¢/6. Noting that for ¢ = 1,2 then
Eio1|Jip(Co—1.m, com)|* < 27™H,. Therefore the moment condition holds with C' = 27" H,.C
since

E max Y " Eiq|z]? <E max Y . |gi|'27 " H, = n2_er(n_1EZ::1|9m|q) <n27"H,Cy,

1<e<L 1<U<L

as in the argument leading to (C.5) under Assumption 4.1(ia,éi7). The Lemma then shows
that for all 6,, > 0 then

P(1Zs] > €) < 3o puia (AnBin + Cin),

m=m-+1
where

Cem ,m/g 7m/2 03}1
Ap=="227"20 0 By =271+ (L+1) 2}, Co=4Lexp(—— ).
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Choose 0,, = 14k~ {log(4™ ™) 4+ log ¢~ '}. If A,,, B,, are exponentially decreasing in m —m
and proportional to ¢ for some o > 0 while C,, is bounded then P(|Zy| > €¢) < C¢“ for
some constant C' > 0.

11. The term A,,. Use that k = C2m~™/4¢ the definition of 6,, to get

Ay, = C{log(mm) +log 6 20222
Use the bounds €2 < ¢~(1=")/4 and 2-2/2 < Cp(1=)/2 to get
A < C{(m —m)log4 + log 112~ (m—m)/23(1=1)/4.
Since ¢(!=*)/8log ¢! is bounded and ¢7*)/® < 1 then
A, < C{(m —m) + 1}2*(m*m)/2¢(1711)/87

which is exponentially decreasing in m — m and proportional to ¢(=*)/8.

12. The term B,,. Use that 27™/2 < 1 and (L +1) < 2L. Note that 02, = 2"k2 A2, where
A, is bounded due to item 11. Therefore

B, <14 Q2 m/2gm—mp=lomy2 _ 1 4 com/2gm—my—1,.2
Use that n=! < 02 e 2¢p~(1-)/2 and k? = C2@—m)/2¢2 to get
Bm —1< O2m/22m—m2—m6—2¢—(1—u)/22—(m—m)/2€2 _ O2—(m—m)2—m/2¢—(l—u)/2 < O,

since 2-(™=™) < 2 and ¢~ (1-")/2 < C2m/2,
13. The term C,,. Insert expression for 6,, to get

Cpp = C2™" ™ exp{—log(4™™™) —log ¢!} = C2- ("™,

which is exponentially decreasing in m — m and proportional to ¢ < ¢(1=)/8,

14. The terms Zs. Apply the same argument as for Zj.
15. Combine the bounds from items 7,8,10,14 to get

P(IS] > €) < 30 P(1Z;] > €) < 3(2C1 H, ¢t =/%) + 201 -)/8,

uniformly in m, 7, n. For a given ¢ > 0 the only constraint to ¢ is that 0 < ¢(1=")/* < ¢2.
Thus, the probability vanishes as ¢ | 0. m

D Proofs of main Theorems 3.1-3.5

The main results for the forward search are proved in a series of steps. Theorem 3.1 shows
that asymptotically the forward residuals behaves like the quantile of the absolute errors |g;|.
It is therefore useful to start by reviewing some known results from the theory of quantile
processes. Secondly, the forward search problem is reformulated in terms of a weighted and
marked absolute empirical distribution function G,,. At this point we work with absolute
errors and it is natural to move from the general densities of Assumption 4.1 to the symmetric
densities of Assumption 3.1. Thirdly, this empirical distribution function is analysed using
the results from Section 4. Fourthly, the corresponding quantile processes are analysed.
Fifthly, a single step of the Forward Search is analysed using these results. Sixthly, the
iteration of the Forward Search is analysed.
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D.1 Some known results from the theory of quantile processes

Introduce the empirical distribution function of the absolute errors, |¢;|/0, that is

~ 1 n
Gn(C) = _Zi:11(|€i|§UC)‘ (Dl)

n

The empirical quantiles of the absolute errors, |¢;|/0, are defined as

¢y = G () = inf{c: G,(c) > ¥}, (D.2)
Empirical quantiles and empirical distribution functions are linked as follows.

Theorem D.1 Csirgd (1983, Corollaries 6.2.1, 6.2.2). Suppose that f is symmetric, differ-
entiable, positive for F1(0) < ¢ < F~1(1), satisfying v = sup.o F(c){1=F(c)}|f(c)|/{f(c)}? <
oo, and decreasing for large c. Then, for all ¢ > 0, it holds

(a) SUPg<y<i 12f (cp)nY/2 (e — cy) + /2 {Gplcy) — 1} = op(nSY/4);

(b) SuPg<y< 12f (cp)nY/2 (e — cy) — nl/f{G(éw> — Y} = op(nS1/2);

(€) supg<yey [0 2{G(ey) — 1} + 02 {Gp(cy) — ¥} = op(n¢™H4).

The result in Theorem D.1(a) shows that the empirical quantile ¢, satisfies, for 0 < ¢ < 1,

b
2f(cy)

This is known as the Bahadur (1966) representation. The results in parts (b, ¢) combine to
that of (a) and were studied by Kiefer (1967). More detail can be found in Csorgd (1983)
who also gives almost sure, logarithmic rates.

Some weighted versions of the above results are also needed.

n'2(ey — cy) = n2{) — Gy(cy)} + op(1).

Theorem D.2 (Shorack 1979, Csorgo, 1983, Theorem 5.1.1). Let the function q, be sym-
metric about ¢ = 1/2 (it suffices if qy is bounded below by such a function), such that on
0 <4 < 1/2 then qy is increasing and continuous, and satisfies q, = {1 loglog(1/)}/2g,
for a function g, solimy_.g g, = 0o. Then, a probability space exists on which one can define
a Brownian bridge B,, for each n, so that

(a) supg<y<t {Gnlcy) = Bu(v)}/qu| = op(1);

(b) SUDy (s 1y<ipcn /(i) H{F(co)n' 2 (Ep — ¢y) — Bu(¥)}/qy| = op(1) provided the assumptions
of Theorem D.1 hold.

In Theorem D.2 a possible choice of g, is {¢/(1 — v)}* for a < 1/2, which will be used
in the proof of the main Theorem. Finally, a continuity property of the Brownian bridge is
needed.

Theorem D.3 (Revuz and Yor, 1998, Theorem 1.2.2) A Brownian motion W is locally
Holder continuous of order o for all o < 1/2. That is

(W) - W(W)| as.

sup 00.
0<y<yt<i (Yf — )

Thus, for a Brownian bridge B then lim,_oB(¢)/¢Y* =0 a.s.
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D.2 Absolute empirical process representation

Normalizations are needed for estimators and regressors. Depending on the stochastic prop-
erties of the regressor z; choose a normalization matrix N and define

b=N"'G~-0).  win=Nu,

so that Y7, x,a, converges, n~ /23" | |z, is bounded, and (3 — 8) = ),b. If, for
example, (y;, z;) is stationary then N = n~2I4. . so that b = n*/2(— ) and z;, = n~/2z;.
If z; is a random walk then N = n~!.

Introduce matrix-valued weights g, of the form 1, n'/2Nz; or nNx;z,N, so that n=* S°"_ | gin|
is bounded. In the stationary case g;, will be 1, z; or z;x;. When x; is a random walk g;,, is
1, n™%x; or n”wl.

Define the weighted and marked absolute empirical distribution functions

GP(b,c) = %Z?zlgmgfl(a,-—x;”b<ac), (D.3)
for b € RY¥™® and ¢ > 0 and with weights ¢;, and marks €. Four combinations of weights
and marks are of interest in the analysis of the Forward Search. The deletion residuals
involve g;, = 1, p = 0. The least squares estimator involves ¢;,, = n'/?N'z;, p = 1 and
gin = nN'z;xiN, p = 0. The variance estimator involves the mentioned terms as well
as gin = 1, p = 2. When p = 0 the marks are ¢? = 1 so that Ggﬁ is a weighted absolute
empirical distribution function similar to those studied by Koul and Ossiander (1994). When
also b = 0 then G10 equals the empirical distribution function G, of (D.1).

The Forward Search Algorithm 2.1 can now be cast as follows. Step (m + 1) results in

an order statistic
m—+1

2m) — oinf{c: /G\,ll’o(lg(m), c) > 1 (D.4)

where ¢;, = 1, p = 0, so that

m+1 = m o1, 1

1,0 7(m _ . _
- G, (b, ) = it et o<z = D iestnen 1. (D.5)

The least squares estimator has estimation error

2(m) 2 (m)

bt = NTHBM — 5) = (G060, )y e AGH (0, ), (D.6)
o o

while the bias corrected least squares variance estimator satisfies

1/2 s(m s(m
CerEm, ) — oy gz, 2

Tm/n o o

n

B (B - o) =

){o" Y] (D7)

D.3 The absolute empirical distribution

The process Gn is now analysed using the auxillary Theorems 4.1-4.4 for the process /F\n Only
the four combinations of g;,, p are now considered as outlined in Section D.2. When checking
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Assumption 4.1 it suffices to check the conditions for the hybrid case where g;, = nN'x;2; N
and p = 2. The process G,, can be expressed in terms of F,, quite easily by
GeP(b,c) = F4(b,¢) — lim F47(b, —c*). (D.8)
ctle
The asymptotic arguments are made on the probability scale ¢ = G(c,). When f is symmetric

then the probability scales of G and F are related in a simple linear fashion, see (2.2), so that
(D.8) translates into

G, 67 0)) =P (S - lm B E () (D)

Therefore, results for /F\n transfer to Gn The corresponding conditional mean process is

—q, 1 n
Gip(ba C) = 5Zi:19inEi71{5€1(\5i—x’. b\gac)}a P = 07 17 2. (DlO)

wm

Form also the empirical process
Go7(b,c) = n'*{Gar (b, ¢) — G," (b, o)} (D.11)

For later use note that E;_;{&? L(jeij<oe)} = 0 for odd p since f is symmetric and b = 0.
Errors in estimating the quantile are denoted d = n'/2(c},—c;). Estimation errors represented
by b, d vanish uniformly as shown in the next result. Due to the two-sidedness of the absolute
residuals and symmetry of f, only one of the error terms , b and n~'/2d enters the asymptotic
expansion depending on the choice of p.

Lemma D.4 For each v let ¢, = G~ (). Suppose Assumption 3.1(ia,iib,iic) holds for
some 0 < k <n<1/4. Then, for all B,e >0 and allw <n —r < 1/4, it holds
(@) SUPg<yct SUP ja<nisi-np [0 2{G" (b, ey + n12d) — G 7(0,¢4)}
—O’p_ICZﬂCw)n_lﬂZ?:lgm{1(p Odd)l';nb + 1(p even)nﬁ_l/Qo'd}H = OP{nQ(R_n)};'

(b) SUPg<y<r SUPpb jaj<nt/a—np |GLF (b, ¢y + 0" 2d) — GIP(0, ¢y)| = op(1);
(') SUPg<y<1 SUP | jgj<ni/a-n5 | GRO (D, ey + 0 H2d) — G0(0, ¢4)| = op(n™);
() limg)o hflnj;jpp{Supogwéwélzwtw@ |GIP(0, cypt) — GIP(0,cy)| > €} — 0.

Proof of Lemma D.4. (a) Assumption 3.1(ia, 7ic) implies Assumption 4.1(ib, i7ib) with
r=20,p<2and g, = 1,n"%x;, or nz;a, ., and hence the assumptions of Theorem 4.3.

wm?

First, we want to apply this result to ?Z’p(b, cy + n®~1/2d). Thus, rewrite
9P K— — n — n
F, (b, Cytn 1/2d) =n 1Zi:1ginEi_16?1{€i—$§anU(Cw+n“_1/2d)} =n 1ZizlgmEi_1€§1(€i_§;nggg%),

for b = (',n"d)" and Tpp, = (},,n""/20)', where [b| < 2n"/*™1B while Ty, satisfies As-
sumption 4.1(iiib) because [Tin|* = [2i|* +n~'0?. Therefore we find, using that GJ¥ can
be expressed in terms of F." as in (D.8), that n'/2{G.” (b, ¢, + n**/2d) — G.7(0,c4)} has

correction term

0P () Y g (b o) 0P (e PR (eI S g (b od)
— o7 ()Y g1 — (LYl 4 {1+ (~1P b od,



due to the 1, ,4q)7;,bsymmetry of f. This reduces as desired.
(b) Let cL = ¢y +n""1/2d. Rewrite G =GP (b, CL) — G97(0,cy) as G = Gy + Gy where

G = GIP(b,cl) —GEP(0,cl), G = GIP(0,cl) — GIP (0, cy).

The term G; is op(1) uniformly in |b] < n'/4="B, 0 < 1 < 1. To see this, expand GZ” in a
similar fashion to (D.8). Apply Theorem 4.1, noting that Assumption 3.1(ia, iib, iic) implies
Assumption 4.1(4, i, i4ia) with p < 2, gin = 1,022, or nry,o!, and the chosen 7.

The term G,. Apply Theorem 4.4 noting that Assumption 3.1(ia, iic) implies Assumption
4.1(ia, iiia) with r = 2 and some v < 1.

(0') Similar to (b), but using Theorem 4.2.

(¢) Assumption 3.1(ia,7ic) implies Assumption 4.1(ia,iiia) using the Cauchy-Schwarz
inequality. Expand GY%” and apply Theorem 4.4. m

D.4 Proof of Theorems 3.6 and 3.7.

Proof of Theorems 3.6 and 3.7. Tightness follows from Lemma D.4(¢) and convergence
of finite dimensional distributions follows from the central limit theorem for martingale
differences, see Helland (1982, Theorem 3.2b) using Assumption 3.1(dic). m

D.5 A first analysis of the order statistics

The Forward Search evolves around order statistics 2™ defined in (D.4). A process version
gives quantiles

& =inf{c: GL0(b,c) > ¥} (D.12)

Setting b = 0 gives &), = G.'(¥) as defined in (D.2) and studied in Theorem D.1. The
first result gives an algebraic bound to the distance between éfp and é%. Probabilistic bounds
follow.

Lemma D.5 It holds, for all b, that 0|éi’b — ég] < 2|b| maxi<i<p |Tin|.

Proof of Lemma D.5. 1. A property of Gn The quantile 062, is the left-continuous

inverse of the right-continuous function 6,1{0 (0,¢) = an(c) in (D.2). Thus,
Gu(y) <Gu(d) <Gul2) =  y<é <z (D.13)
2. A lower bound. Let Tyax = maxi<i<y |Tin|. It holds that

S, = [—Uébw + 2., aéZ +2i,b] C [—0’@5; — Tmax|b], O'éz + Tmax|b|] = S,

so that for all 0 < 1) < 1 then, with z = éfp + 0 M max|b] it holds

~ 1 Y R
G (b, 2) < —3 T L) = 6i(0,2) = Ga(2).
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Since, /G\}l’o(b, &) = n~'int(yn) for all b,1) then
0= G;0(b, &) = G°(0,) < Gul2) = G(@),

which implies that 0z = 06, + Zmax|b| > ), by inequality (D.13).
3. An upper bound for 1) < 1. It holds, for y = éfp — 0122 45|0] that

Si=1[— Uc¢+xznba + 2.,b] D [—oy,oy] = S,

noting that the smaller set is empty if y < 0. It will therefore hold that

G, (b, é w) > Z@ 1L (esi<oy) = Ga(y).

Actually, this inequality must be strict. Indeed, at least one i' exists so that acw \ng

a; b|. For this (these) if it holds that £, € S; but &4 ¢ S. Thus, it holds GL0(b, & b) > G ().
Proceed as before to see that

0=GLo(b, &) — GL0(0,¢)) > Ga(y) — Ga(é9), (D.14)
which implies that y = ¢}, — 0™ 22max[b| < ¢, by inequality (D.13). =
The next result introduces a convergence rate for ¢, — &),
Lemma D.6 Suppose Assumptions 3.1(ia, iib,iic) holds. Then, for all w < n — K,

sup  sup n1/2|f(62))(éfp — &) =op(n™).
0<y<1 |p|<nl/4-nB

Proof of Lemma D.6. By definition G1°(b, &) = 6711’0(0,62)) = n~!int(n1). Combine
the inequality of Lemma D.5 with Assumption 3.1 (iib) showing max; <<, |7:,| = Op(n"~1/2)
to get that ¢, — &) = Op(n="/*) for |b| < n'/*B. Thus, for any ¢ > 0 a C' > 0 exists
so that the set C, = {|n'/27%(¢&}, — &})| < n'/*71C} has probability P(C,) > 1 — ¢. On this
set it holds, with d = n1/2*””(éfb — @), that

0= GLO(b, & + n*2d) — GL(0, ).
Lemma D.4(a) using Assumption 3.1(ia, 7ic) shows that
n2{G. (b, ey + 0" 2d) — GL2(0, ¢4)} — 20 H(cy)nd = Op(n221) = op(n ™),

uniformly in 0 <+ < 1 and |b|, |d| < nY/*+* "B, for allw < n— kK < 2(n— k). Lemma D.4(b')
using Assumption 3.1(ia, 7ib, 7ic) shows that, uniformly in 0 < < 1 and |b|, |d| < n'/4 "B,

GLO(b, ¢y +n"12d) — GLO(0, ¢p) = op(n™*),
for all w < 5 — k. Using the definition G0 = n"/2(GL® — G.") then
0 = n'/2{GLO(b, &y + n*12d) — GL(0, &)} =20 (&))n"d + op(n*).
Insertingd = n'/27"(&), — &) we get the desired result. m

The next result provides a modification of Csorgd (1983, equation 2.8).
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Lemma D.7 Let ¢y, = G *(¢)). Suppose f is symmetric and decreasing for large ¢ and that
Assumption 3.1(ib) holds. Then, for all ¥* so [¢* — | < |G(&)) — 4|, it holds
(a) supp<y<e, |1 —Ff(cy)/flcy<)| = op(1), for any sequence ¢,, — 0 so nc, — oo,
(0) SUPo<y<n/(n+1) |1 —f(ey)/fley)| = Op(1).
Proof of Lemma D.7. (a) By (2.2) then G™!(¢)) = F~!(y) for y = (1 + %)/2 varying

in1/2<y<1-2n+2)"" Let v = sup,p F(c){1 — F(¢)}|f(c)|/{f(c)}* which is finite by
Assumption 3.1(ib). It is first argued that for all ¢ > 0 and 0 < ¢ < 1 and all n then

FF ()
LS T F Ty

where, with h(\) = A + log(1/\) — 1 then h; = h[(1 + €)1+ t0)}/2] and hy = A[1/(1 +
¢)1Hmt()}/2] This is nearly the statement of Theorem 1.5.1 of Csorgd (1983), which, however,
has the denominator f (6, ,,) instead of f{F,*(y*)} where 6, ,, is a particular intermediate point

— 1] > e} < 4{1 + int(y) H{exp(—nchy) + exp(—nchy)}, (D.15)

between /F\,j !(y) and F~!(y) rather than any intermediate point. Cs6rgd states that the proof
of this Theorem is similar to that of his Theorem 1.4.3. Equation (1.4.18.2) of that proof

uses a bound only depending on /F\; 1(y) and F~!(y) and not on the particular intermediate
point 6, ,. This proves (D.15).
The inequality (D.15) implies that for any sequence ¢,, — 0 so nc¢, — oo then

L )

S __1‘>‘ﬁ»—+0.
1/2+CnSyS1—Cn f{ F'Zl (y*)}

The reason is that h(A) > 0 for all A > 0 so A # 1. Consider the tails.

Left hand tail. Use that ¢, vanishes, that G(¢)) — 1 = Op(n~/?) by Theorem 3.6, and
that f is uniformly continuous in a neighbourhood of zero because f is bounded, positive and
continuous.

(b) Right hand tail. It suffices to argue that

f{F1
lim lim supP{ sup |M —1|> e =0. (D.16)

=20 nco 1-eu<y<i-(nt2)t F{F-1(y*)}

Apply the inequality (D.15) with ¢ = (2n+2)~! so that nc ~ 1/2. Then use that hy, hy — oo
for € — oo since h(\) — oo for A — co0. B

The next result relates ¢, to cy.

Lemma D.8 Suppose Assumptions 3.1(ia,ib) holds with ¢ = 1 only. Then

sup |(E9)(&)) — (cp)*F(es)| = op(1)  for k =0,1.
0<y<1

Proof of Lemma D.8. 1. Consider ¢ so 0 <1 <1 —1/z, for any sequence 0 < z, <
o(n'/?). Rewrite the process of interest as

(D) — (e0)F(co) = L@ — (e0)*}Fey) + ()M () {1 — 1)

@) 1. (D.17)
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The first term is zero for k = 0 and Op(n~Y/2) for k = 1 due to Lemmas 3.6, D.1(a) using
Assumption 3.1(ib). For the second term, note that (¢))*f(),) is bounded uniformly in
0 <1 <1 due to Assumption 3.1(ia) with ¢ = 1, while 1 — f(c d,)/f(é%) vanishes by Lemma
D.7(a) using Assumption 3.1(ib).

2. Consider 1 so 1, < ¢ < 1 for any sequence 1, — 1. Assumption 3.1(ia) and the
continuity of f implies that (¢, )"f(cy) is continuous and convergent for ¢» — 1. Rewrite

&y, = G HG(&),)} = G b +{G(&),) — ¥u}] = G (¥n — gu),

where g, = supg<,<;{G(¢)) — ¢} = Op(n*/?) due to Lemmas 3.6, D.1(c) using Assumption
3.1(ib). By the continuity of G™* then &), — G~'(1) in probability and therefore (&),)*f(¢,) —
(cy)*f(cy) vanishes in probability. =

D.6 A one-step result for the least squares estimator

A one-step result for the least squares estimator now follows. Equation (D.6) represents the

one-step least squares estimator 6 (m+1) in terms of Ggp That expression has the random
quantities b and o120 as arguments. Replacing these by a deterministic quantity b and
the residual éfp defined in (D.12) gives the following asymptotic uniform linearization result

for the one-step least squares estimator if we insert the initial estimator b = b(m)

Lemma D.9 Let ¢, = G () and

py = 2cyf(cy) /¢ (D.18)

Suppose Assumption 3.1(ia — ib, i) hold for some 0 < k <n < 1/4. Then, for all 1y > 0 it
holds R

(a) SUPg<y<1 SUP|p|<pl/4-1B |n /QGw 1(b Ab) - Gz’l(o cy) — 2cyf(cy)Bnb| = op(1);

(0) SUPo<yp<1 SUP|p|<nl/a-np |G °(b,¢ )_ 1| = Op(n"~ 7771/4);

(c )SUPwogpg SUP|p|<nt/4-nB |{an0(ba w)} ! I/QGﬁl(ba w)_(¢2n)_lG£’l(07Cw)_pl/)b| = op(1).

Proof of Lemma D.9. (a) The inequality of Lemma D.5 implies that &), — &), =
Op (n"~1=Y/4) uniformly in 0 < ¢ < 1 and |b| < n'/4~"B since maxi<;<,, |zin| = Op(n"~/?)
by Assumption 3.1 (4ib). Start by expanding G%!. By definition

nlﬂéﬁ’l(b, Cy + n"Y2d) = G2 (b, cy + n"Y2d) + nlﬂézl(b, cy + n"Y2d).
Lemma D.4(a,b), using Assumption 3.1(ia, iib, iic) along with the definitions g, = n'/%x;,
and X, = "7 2,2, gives, uniformly in [b], |d| < n'/4"B and 0 <9 <1,
P 2GEN (b, ey + nV2d) = G0, ) + n2Go (0, ¢4) + B + op(1).

Note that 62’1(0, ¢y) = 0 due to the symmetry of f. Replace ¢, by é?p and d by n
&%), which is Op(n/*~7). Thus it holds

1/2—k(pb
2n(gh —

n2GE (b, &) = G20, 8) + 289 (¢9)S,b + op(1), (D.19)

uniformly in |b] < n'/4"B and 0 <9 < 1. The two terms are analysed in turn.



First term. Theorem 3.6 shows a,, = n**{G(¢&)) — 1} is tight. Expand

é% = G_l{G<é%>} == CG(E%) = CT/’JFn_l/Qaw' (D20)
Lemma D.4(c) using Assumption 3.1(ia, b, iic) shows GJ'(0,¢&)) = G5'(0, ¢y) 4 op(1).
Second term. Use that ¢)f(¢)) = cyf(cy) + op(1) uniformly in ¢ by Lemma D.8 using
Assumptions 3.1(ia, ib).
(b) An expansion as in (D.19) gives

G (b, ) = n RGP0, ) + G (0,) + 20 H(E) B (el — ) + on(n™),

uniformly in b, 1. The three terms are analysed in turn.

First term. This is n~"2G2"0(0,¢5) = n"2G2"°(0, ¢y) + op(n~/?) by an argument as
for the first term of (D.19).

Second term. Use the definition of ¥,, and Theorem 3.6, D.1(c) using Assumption 3.1(ib)
showing G(¢5,) = 1)+ Op(n~/2) uniformly in ¢ along with the tightness of ¥,, by Assumption
3.1(7ia) to see that

—zxx,0

R 1 —n n N -
G, " (0, C?z;) = EZi:lnme’énEi*I1(\€i\§0'62)) = Zi:lxmx;nG(C?p) =X, + Op(n~'/?).

Third term. This is Op(n"~"7/*) since f(¢}) = f(cy) + op(1) uniformly in 0 < ¢ < 1 by
Lemma D.8 using Assumptions 3.1(ia, ), while ¢, — &) = O(n*~""/*) and %, is tight by
Assumption 3.1(7ia).

(¢) Combine (a), (b). The denominator from (b) satisfies

GEo (b, %) = =, {1 + op(1)},

for 1) > 1y > 0 and since ¥,, — 3 in distribution where ¥ > 0 a.s. by Assumption 3.1(éia).
Combine with the expression for the numerator in (a). =

D.7 The forward plot of least squares estimators

The Forward Plot of least squares estimators is now considered. The one-step result in
Lemma D.9 implies that the Forward Search iteration can be viewed as a fixed point problem.
Indeed, the one-step result in Lemma D.9 implies an autoregressive relation between the one-
step updated estimation error bm+1) and the previous estimation error b Tt holds that

BHD = p b 4 (5,)7IGE(0, ¢) + ey (B™), (D-21)

for ¢» = m/n + o(1), an “autoregressive coefficient” p, defined in (D.18) and a vanishing
remainder term e,. This autoregressive representation generalizes Theorem 5.2 of Johansen
and Nielsen (2010) which was concerned with a location-scale model, a fixed 1) ~ m/n, and
convergent initial estimators, b = O(1).

It is first established that p, has nice properties for unimodal densities f.

Lemma D.10 Suppose Assumption 3.1(ic) holds. Then 0 < p, < 1 for 0 < ¢ < 1 while
limy_o py = 1 and limy_,; py = 0.
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Proof of Lemma D.10. For ¢ > 0 then f(z)1(j4/<¢) > f(¢)1(jz/<¢) because f is symmetric
and non-increasing by Assumption 3.1(ic). Integration gives

cy
Y= 2/0 f(z)dr > 2cyf(cy) = pyt,

where equality holds for f(x) = f(c) for |z < ¢, by continuity of f. This is, however, ruled out
by assuming lim, .o f(c) < 0. It holds lim,_(2¢) 72 [ f(z)dz = f(0) while pyt)/(2cy) = f(cy)
so limy_g py = 1. Similarly, 2 [~ f(z)dz = 1 and limy, cf( ) — 0solimy_1py =0. =

Lemma D.11 Suppose Assumption 3.1(id) holds. Then p, is strictly decreasing.

Proof of Lemma D.11. Let 7, = 2 fc ’“f )dx for k € Ny. It holds lim, o7, = 0 and
7 > 0 for ¢ > 0. The derivatives with respect to c are

f
7, = 2cM, 7'%:7%71(7%‘—1—01—:).

Consider the ratio Ry = 741 /7, noting that Ry = £/ /1. 'Hopital’s rule gives

hmRk—hmﬁ_k—i—l

—0 T &
Moreover, Ry has derivative

: Tht1Th — Th1Tk Tk
Rk - 2 - —2Mk
Tk T

where My = {k + 1+ f /f}71, — 7pe1. It has to be argued that R, < 0 for ¢ > 0. Since
Tk Tk > 0 then Ry < 0 if and only if M, < 0. Now, lim._,o M} = 0 so a sufficient condition
is that M, < 0. But
: d d? d, d
M, = Tk{%logf( c) + co3 logf(c)} = Tk%(c% logf(c))

which is negative if and only if A(c) = £(cLlogf(c)) < 0. m

The next result investigates the forward estimator B(m“). There are two results: first,
the forward search preserves the order of the initial estimator, and, secondly, by infinite
iteration a slowly converging initial estimator can be improved to consistency at a standard
rate. The proof of this result is related to that of Johansen and Nielsen (2011, Theorem 3.3).

mo/n = 1o —i— o(1), it holds
(@) supy <yt INH(By — B)] = Op(n!/*77);
(b) SUPy, <y<1 IN“H(By — B)] = Op(1).
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Proof of Lemma D.12. Due to the embedding (3.1) it suffices to evaluate N~*(j3, — 3)
at the grid points ¢ = m/n. Introduce notation K}, = XG> (0, cy).
(a) Solve the autoregressive equation (D.21) recursively to get

~

bt = Zk mo(HZ k Pﬁ/n)‘{ Kk/n+ek/n( )}+ (Hk mopk/n)b(mo)

with the convention that an empty product equals unity. Lemmas D.10, D.11 using Assump-
tion 3.1(ic,id) show that the coefficient p, is strictly decreasing and less than unity. For
m > Yon then py,/n < prg/m = po for some py < 1 giving the bound

01 < (6™ s WG max feun(B)) 4 0L (D22

For ¢ > 1) > 0 then @/fle; is tight by Lemma D.4(c) using Assumption 3.1(ia, iib, iic).
The bound Y% pp' ™ < 3702 pk = C is finite, while bimo) — O(n'/4=7) by Assumption
3.1(i4i). Moreover, Sup,,<,<i SUPjp<3ni/a—np |€y(b)| = op(1) for any B > 0 by Lemma D.9
using Assumption 3.1(ia, ib, 7). Thus, for all €, > 0 constants B,ny > 0 exist so that for
n > ng, the set

A, = (C’|I;(m°)| < n1/4_”B) N (C sup |K¢| < B)N(C sup sup  |ey(b)| < (/2)

0<y<1 Yo<$<1 |b|<3nl/4-71
has probability larger than 1 — e. An induction over m is now used to prove that

max [pF)| < 3nt/4 B for m = mg,...,n,
mo<k<m

on the set A,,, which implies the desired result. As induction start, for m + 1 = mg, then
|b(mo)| < n'/4="B on the set A,. Suppose the result holds for some m. This implies that

C sup  max |ex(0®)|} < ¢/2 (D.23)

Po<p<1 Mo<k<m

on the set A,. Thus, the bound (D.22) becomes [b™| < 2n/41B 4 ¢ /2 < 3pY*1B. Thus,
the result holds for m + 1.

(b) Consider (D.22). Here Y;_,pf is finite, sup,, << [ K}}| = Op(1) due to tightness
and Supg<,<; max ey, (0%))[} = 0p(1) due to (D.23). Let m > ¢yn and mg = then + O(1)
for some 1, > 1)y > 0. Since p' ™ declines exponentially then pj' ™ < n~/* for large n
so that max,=m, oo "™°|b(m0)| = 0p(1). m

D.8 Proof of Theorem 3.1

Lemmas D.1, D.5 are now combined to show that the forward residuals scaled with a known
variance, 012, have the same Bahadur representation as the quantile process for the inno-
vations o~ le;. This is the main Theorem stated with slightly weaker conditions.

sup |2f(c¢)n1/2(0_12¢ —cy) + G}L’O(cwﬂ = op(1).
o<p<n/(n+1)
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Proof of Lemma D.13. Due to the embedding (3.1) it suffices to evaluate the for-
ward residuals at the grid points ¢v = m/n. It is first argued that the forward plot of
the estimators is bounded in the sense that for all ¢ > 0 a B > 0 exists so that the set
Co = (SUpyy<yey INTH(By — B)| < n'/4"B) has P(C,) > 1 — e. This follows from Lemma

for some |b| < n'/4"B. Thus it suffices to show that

sup sup  |CY =op(l)  for  CY =2f(cy)n'2 (&, — cy) + GLO(cy).
Po<p<n/(n+1) |b|<nl/4—mB

A

Now, write (&, — cy) = (&), — ¢y) + (&, — &), so that

. f(cy) NN )
= (V&) = o) + G} + 2gagn M — )
The first term is op(nS~1/4) for all ¢ > 0 uniformly in 0 < ) < 1 by Theorem D.1(a) using
Assumption 3.1(ib). In the second term the ratio f(c,)/f(¢),) is Op(1) uniformly in 0 <
¢ < n/(n+1) by Lemma D.7 using Assumption 3.1(ia, ib), while n/2f(¢5,)(¢&, — &) =op(1)
uniformly in 0 < ¢ <1 by Lemma D.6 using Assumption 3.1(ia, iib, iic) =

D.9 Proofs of Theorems 3.2 and 3.3

The above theory for 712, involves the population variance 0. The next results gives an
asymptotic expansion for 63}700” recalling, from (2.7) that

P =t = (G20 ) ~ (G V(G 6. )y G 6. )Y
Compare also the definitions in (3.2), (3.3) with (D.11) to see
Gu(cy) =G, (0,¢5),  Lnley) = 07°G*(0, ) — ¢ G(0, cy). (D.24)
The main Theorem 3.2 then follows immediately from the next result.

Lemma D.14 Suppose Assumption 3.1(ia,ib,ie,ii) holds. Then

i sup 026, o — 0%) — 07, ' Lu(cy)| = 0p(1).
Yo<Y<n/(n+1) [b|<nl/4—nB

Proof of Lemma D.14. 1. Regression correction term. Lemma D.9(a,b) using As-
sumption 3.1(ia, ib, i) shows that
n'/2G5 (b, &) = G20, cp) + 2¢yf(cp)Enb + op(1), (D.25)
GEo0(b, ) = Spth + op(1), (D.26)
uniformly in |b] < n'/47"B, 1y < 1 < 1. Evaluate the terms of the expansion for n1/2/G\fl’1(b, &)

The first term is G:°(0,¢,) = Op(1) since G,° is tight by Lemma D.4(c) using Assump-
tion 3.1(ia, b, iic). The second term is Op(n'/4~7) since b is of that order. Therefore
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/G\ﬁ’l(b, &) = Op(n~'/4=7). Note that X, — ¥ in distribution where ¥ > 0 a.s. by As-

that
{63 (b, b)Y HGE (b, )} G b )} = Op(n272).

This vanishes, even when scaled by n'/2.
2. The leading term. It remains to argue that

n2{GL2 (b, &) — 7y0?} — 020 72GL*(0, ¢y) — AGLO(cy)} = op(1),

uniformly in [b] < n**7"B, ¢y < ¢ < n/(n+ 1). Lemma D.5 shows that o|¢), — &}| <
2|b| max;<j<p, |7in| for all b,9. Since |b| < n'/4~"B while max<;<, |7in| = Op(n"~1/2) by
Assumption 3.1 (4ib) then &), — &), = Op (n"~"=/4) uniformly in 0 < ¢ < 1 and |b| < n'/4"B.
Thus, we start by expanding n/2G12(b, &), 4+ n~"/2d). By definition

n1/2/G\,1;2(b, cy + n”_l/Qd) = G:2(b, cy + n"Y2qd) + nl/zﬁi’Q(b, cy + n“_l/Qd).
Apply Lemma D.4(a,b) using Assumption 3.1(ia, 1ib, iic) to get
n2GE2 (b, + 0 2d) = GL(0, ) + 112G, (0, ¢4) + 201(cy) *f(cy)n"d + op(1),
uniformly in [b], |d| < n*/*7"B, 0 < ¢ < 1. By definition it holds
n'/2GL2(p, cy +n2d) = n'2GL2(0, cy) + 20 (cy)*f(cy)n"d + op(1).

We can replace ¢, by é). Moreover, since &, — &) = Op(n* 7" /*) we can replace n"d by
n'/2(&), — &) on a set with large probability. When also subtracting n'/?7,0% on both sides
and adding and subtracting n'/ 27'(;(6% yo® on the right hand side we get

n'2{G)2(b, &) — 70} = n'*{G*(0,¢)) — ()0}

+20(89) (el )n 2 (e, — &) + 02n1/2{rc(a%) — 74} +op(1), (D.27)

uniformly in |b] < n'/47"B, 0 < ¢ < 1. The three terms are analysed in turn.

3. First term of (D.27). Since Gi’Q(O,c) = 0%7¢(¢) the first term equals G;*(0,¢)).
Theorem 3.6 shows that & = c,.,-1/25 where ¢ = n'/2{G(¢]) — ¢} is tight. The tightness
of G1? established in Lemma D.4(c) using Assumption 3.1(ia, b, iic) then implies that the
first term equals G1%(0, ¢y) + op(1) uniformly in 0 < ¢ < 1.

4. The order of &) is op(n'/®). The reason is that ¢J, < max;<, |¢;|, that E|e;|9 < oo for
some ¢ > 8 by Assumption 3.1(ia), and that Boole’s and Markov’s inequalities imply that
P(max; |e;| > Cn¥) < Y P(les] > Cnl/®) < n(Cn'/®)~9E|e;|? vanishes.

5. The order of ¢ is of(1 — t)~*/*}. The reason is that Ele;|? < oo for some ¢ > 8
by Assumption 3.1(ia) and that 1 — F(cy) = P(|e;| > otb,) is bounded by c¢,“E([e;/o|?) by
the Markov inequality. Thus, cfb = O{(1 — +)~%4}. In particular, for 1y < 1 —n~! then
= O(n?1) = o(n'/*).



6. Second term of (D.27). It holds that f(&%,)n'/2(é}, — &%) = op(n™®) for all w < n — &
uniformly in 0 < ¢ < 1, b < n'/4~"B by Lemma D.6 using Assumption 3.1(ia, iib, iic). By
item 4 then ()% = op(n*") for all v > v(n — x)/2 for some v < 1. Thus, the second term

vanishes.
7. Third term of (D.27). Argue that this equals —o*c}G,%(cy) 4 op(1). Recall the

definition 7 = 2 [ €*f(e)de and expand

1/2 2 1/2 onTl2 5
Sz =1 Ty p-1/24 — Ty) — Cpd =n (€ — cy)2f(e)de.
cy

If S3 can be proved to vanish when ¢ = n*/2{G(&)) — 1)} then the desired expression follows,
noting that ¢ = —G}%(c,) +o0p(1) by Theorem D.1(c). Thus, consider S;. Changing variable
y = G(e), dy = 2f(e)de, and Taylor expanding gives

124
Sy=n [ Gy = o~ )
for some ¥* so |1* — 1| < ¢. Rewrite this, for some v > 0,

A k) ¢ flep)n'P(cyr —cp)y _1po
Sy = {p(1 — )} > {——F ey + ¢ 2
s = W=l ey et lga gy U a gy

Insert ¢ = n/*{G(&}) — ¢}. Consider the five components of Ss individually. The first
component is O(n?") for 1y < 1 < n/(n + 1). The second component is O(n'/®) for 1y <
¥ <1 —n~'. The reason is that ¥(1 — ¢)/f(cy) = O(cy) = O(n'/®) by Assumption 3.1(ie)
and item 5. The third component is oP(nl/ 1) due to items 4,5. The fourth component equals
n'/2{G(e5) — ¥} /{w(1 —)}'/*7*, which is op(1) uniformly in 1/(n+1) < ¢ < n/(n+ 1),
see Theorem D.2(a). The fifth component is seen to be op(1) by first bounding |cy — ¢y| <

|Cpin—1/29 — cy| = |y — cy| where ) = G(¢),) and then combining the result for the fourth
component with the result that {f(c,)n'/?(c; —cy) — ¢} /{e)(1—1)}'/* is op(1) uniformly
inl/(n+1) <y < n/(n+1), see Theorem D.2(b) using Assumption 3.1(ib). The sixth
component is n~/2. Overall it holds that Ss is of order op (n2V+1/8+1/4+0+0-1/2) — o (n2v—1/8
) = op(1) uniformly in 1)y < 1 < 1 —n~! since v can be chosen sufficiently small. =

Proof of Theorem 3.3. Note, first the identity

A ~ ~2 2
gy Zplo—cy oy Teor — 7
a'z/J,cor a-zb,cor/o- 61/1,cor(a'1/1,cor + U)

Multiply this by 2f(c,)n'/?. Use that n'/2(63 /0% —1) and n'/?(2, /0 — c,) have the leading
terms 7, 'L, (¢y) and G, (cy), respectively, due to Theorems 3.1, 3.2. In particular 6, .o is
consistent for . ®

41
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D.10 Proof of Theorem 3.5

Proof of Theorem 3.5. 1. Ezpand using (D.25), (D.26) in item 1 of the proof of Lemma
D.14 to get

b={G"0(b,&y)} {n'*Gy (b,2))
= {2t +0p ()} HGO(0, c) + 264f(cy)Sub + 0p (1)},

uniformly in |b| < n'/47"B, ¢y < ¢ < 1 using Assumptions 3.1(ia, ib,4). In particular, the
results hold for || < B. Recall the notation p, = 2¢,f(cy)/1 defined in (D.18). Note that
py < 1 for ¢y < 1) as established in Lemma D.10 using Assumptions 3.1(ic), and that the
process GLY is tight as established in Lemma D.4(c) using Assumptions 3.1(ia, b, 7ic). Tt
then follows that

b= (Z9)7'G, (0, ) + pyb + 0p(1),

noting that |b| < B, or equivalently that
(1= py)b = (Z1) 'G,°(0,¢5) + 0p(1).

Since py, < 1 then 1 — py is bounded away from zero so we can divide by 1 — p,. Due to

b can be replaced by b m

D.11 Proof of Theorems 3.4

Proof of Theorem 3.4. We first find a lower bound d™ < 2™ and then an upper bound
for 2™, and finally show that the difference is small.

1. Lower bound problem. It holds d™ < 2™ Indeed, if S™ is the ranks of ?m), L Em)
then d™ = 2™ Tf S does not have this form then its complement must include one of
the ranks of flm), .. ,E(mm’, for instance that of it. In that situation dU™ < Ez(:n ) < f(:)) <
m) _ 2(m
5(erl) - /Z\( )
2. Relation between the ranks of S™ and 5(:)_1). The set S is the ranks of é};’;_l), . ,é}:ﬁ;”.
It follows that for all i ¢ SO then &V > gl ) > gt = z0m-1),

3. Inequality for deletion residual. The absolute residual for observation ¢ based on the

set S(™), £§m71)’ satisfies

&7 = gl < gl B (B0 =5 Y)] < €74 max [N N5 0) .
For i ¢ S we have £V > ¢V = 5m=1) apq qim) = min, g gm) €™ giving

2 < d™ + max [N |NTHB™ - B )
and therefore, using dtm < 2™ we find

0 < 20 — gm < z0m) _ z0m=1) | N=1(30m) _ Bn=1)| max | Na,|.
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4. Embed in the interval [0,1] using ¢» = m/n. The limiting processes for 2™ and B are
tight and continuous due to Theorems 3.1, D.9. Therefore

sup  [2f(cy)(Zp — Zp_1ym)| = op(n'?),
Yo<Y<n/(n+1)

sup [N THBM™ — BT = op(n712).
wo<<n/(n+1)

Moreover, max; | Nz;| is Op(n"~'/2) for some x < n < 1/4 by Assumption 3.1(iib). Combine
to get the desired result

0 < 2f(Cynyn) B = d™) < 26 (e B = 27| 4 26 () [N TN (B = BOD) | max | N

< op(n—1/2) + Op(n—1/2nﬁ_1/2> _ Op(n_1/2).

E A result on order statistics of t-distributed variables

X X
Theorem E.1 Letuvy,...,v, be independent absolute t,,_gim. distributed. Consider the m+ x

1 smallest order statistic 0™ . Suppose dim x is fized while m ~ Ym for some 0 < ¢ < 1. Let

@ be the standard normal density. Then as n — oo it holds

20(Cm )20 — ) 2 N{O,90(1 — )}

Sketch of the proof of Theorem E.1. Let 9(™ be the (m + 1)'st quantile of a sample
of n scaled, absolute t,, gim. variables. To get a handle on the asymptotic distribution of
9™ consider first the (m + 1)’st smallest order statistic, @™ say, from n draws of absolute
standard normal variables. This satisfies

20( € )2 (0 = ) = N{O,00(1 — )},

for m ~ ¢n and ¢, = G !(¢) due to Theorems 3.6 and D.1(a). The absolute standard
normal variables have distribution function 2®(y) — 1. For the t,,_qim-order statistic om)
it is useful to Edgeworth expand P(t,_qime < y) = 2{®(y) + O(n™1)} — 1, for m ~ ¥n,
which indicates that the same asymptotic distribution arises as in the normal case. A more
formal argument will keep track of the remainder terms. The starting point could be the
expression for P(4(™ < y) in terms of the distribution of an F variate as given in Guenther
(1977, equation 3). This can be expanded using the approximation to the log F distribution
by Aroian (1941, Section 15). These considerations lead to the following result. m
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